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Abstract

The original theory of splinesgrew out of the study of simple variationalproblems.A

splinewasa functionthatminimizedsomenotionof enegy subjecto a setof interpolation
constraintsA morerecentmethodfor creatingsplinesis subdvision. In this framewvork, a
splineis thelimit of a sequencef functions,eachrelatedby somesimpleaveragingrule.

This papershavsthatthetwo ideasareintrinsicallyrelated Specifically thesolutionspace
to a wide rangeof variationalproblemscanbe capturedasspline spaceslefinedthrough
subdvision.
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1 Intr oduction and Motivation

A fundamentaproblemin geometriadesignis therepresentationof smoothshapes
with mathematicamodels.The generalthemeof variationaldesignis to definea
shapeasthe minimizer of someenegy functional.For example,B-Splinesmini-
mize a simpleapproximatiorof bendingenegy. Theaim of this paperis to exhibit
theintrinsiclink betweersubdvision andvariationaldesign.

We shaw thatthe solutionspacedor the mostcommonclassof variationalprob-
lemshave aninterestingnestingproperty Thisin turnimpliesthatsubdvision can
be usedto expressminimizing solutions.We exhibit a methodologyfor deriing
subdvision schemesvhoselimit shapesreminimizersof variationalproblems.

1.1 Natural CubicSplines

Historically, asplinewasathin, flexible pieceof woodusedn drafting. Thedrafts-
man attachedhe splineto a sequencef anchorpointson a drafting table. The



splinewasthenallowedto slide throughthe anchorpointsandassumea smooth,
minimumenegy shape.

In the 19405 and50’s, mathematiciansealizedthatthe behaior of a splinecould
be modeledmathematicallyLet the shapeof the splinebe modeledby the graph
of a function F'(¢) over a domainintenal [a, b]. The first derivative F’(t) gives
the tangentdor F'(t). Thus,the secondderivative £(t) measurefiov muchthe
tangentsf /' changeln otherwords, £(t) indicateshow much #(¢) bendsat ¢.
Thereforethebendingenegy at parametewaluet € [q, b] is roughly proportional
to the value of the secondderivative of /' with respectto ¢. The total bending
enepgy associatewvith thefunction /' ontheinterval [a, b] canbe approximatedy
theintegral of the squareof the secondderwative of F/,

ELF) = [ Fult)d. (1)

The effectsof the anchorpointson the spline are modeledby constraining#’ to
satisfyadditionalinterpolationconditions.If 7, denotesa vectorof parametewral-
uesfor theseinterpolationconditions, 7y = ¢o, 1, - - -, t, andc, denotes vectorof
interpolationvalues,thentheseconditionscanbe statedmoreconciselyin vector
notationas

F(Tg) = Cp. (2)

The entriesof 7, arealsocalledknotsand7j is calledthe knotvector Functions
thatminimize (1) andsatisfy(2) arecalledNatural Cubic Splines .

1.2 \ariational Problems

More generally a variationalproblemis definedover a domainf2 thatis a closed
subsebf R Let the 7, beanestedsequencef knotsets?), C Q suchthat7}, C
Tr+1- Theknotsetsl, areassumedo grow densan 2 ask — oo. Theinterpolation
conditionsfor thevariationalproblemareenforcedover 7y, theinitial knotset.

Definition 1 Givenaninner productof theform

(F,G) = [ S k(DF(1)(DG(1)di @3)

1 As we will pointout later, ary I’ minimizing (1) haszerosecondderivative at the re-
spectve endpointsj.e. I (tg) = I (t,,) = 0.



wheee the D; are differential operatorsof order m we definean associatecenepgy
functional€[F] = (F, F') with

E[F] = / S k(D (1)) . 4)

A variationalsplineis a function #'(¢) that minimizesC[ '] subjectto the condition
that /'(¢) interpolatesa givensetc, of valuesat 7y, i.e. F(7y) = ¢,. For thismin-
imizationproblemto be well-definedthe constants:; are requiredto be positive
Equation(4) is alsocalledan elliptic, self-adjointvariationalproblem

Typically, thespaceof possiblesolutionsF’ is restrictedo thosefunctionsfor which

& is well-defined.If L,(€) denoteghosefunctionsthataresquarentegrableover

Q, thenlet H,,(?) denotethosefunctionsfor whomall derivativesof up to order

m arein Ly(€2). By thisdefinition,£[F] is definedfor all /' € H,,(f?). Thespaces
H,, () arethestandardsoboles spacesV;* (1) usedn finite elementanalysigsee
OdenandReddy[OR76] for moredetails).

Notethatin the definitionof the enegy functional(4) all differentialoperatorsD;
are of the sameorderm andsquaredi.e. the problemis elliptic and self-adjoint.
Elliptic, self-adjointvariationalproblemsare very common.The EulerLagrange
equationgprovide alink betweervariationalproblemsgivenin termsof anenegy
functional€ anda partialdifferentialequation For elliptic, self-adjointvariational
problemsthe correspondingpartial differentialequationsare linear andthe mini-
mizersareuniqueandwell-defined OR76].

If D. isthehomogeneoudifferentialoperatorof order2m

D* — Z kz(,Dz)Qv

thenthe minimizing #'(¢) for equation(4) satisfieswo equations

D.F(t) = 0 Vie Q- T,
F(To) = ( \V/t € To.

(5)

In theliterature theupperpartialdifferentialequations alsocalledthestrongform
of equation(4) andcanbedervedvia the EulerLagrangesquations.

Example 2 Natural CubicSplinesare anelliptic, self-adjointvariational problem.
Givendomainf? C R theassociatednner productis

(F,G) = [ Fu(t)Gult) (6)



Thus,theenegy functional€ is givenby

E[F] = (F, F) = / Fa(1)2dL. @)

Accoding to equation(5), Natural Cubic Splinessatisfythe differential equation

for someknot vector7;, = t¢; (a commonchoice for 7 are the integersfrom 0
to n). Thus,the Natural Cubic Spline ' is actually a pieceavise cubic polynomial
function.Thebreaksbetweerthe polynomialpiecesoccurat the parametervalues
for theinterpolationconditions ;.

The derivationsin this paperdo not make ary use of the knowledge aboutthe
solutionto a particularvariationalproblembeingpolynomial.In fact, the goalwill

be to expressthe minimizersin termsof subdvision without ever relying on an
explicit basisfor thesolutionspace.

Simple examplesof elliptic, self-adjointvariationalproblemsin two dimensions
are HarmonicSplinesand PolyharmonicSplines,which are definedasthe mini-
mizersof [ (f2 + f2) dudv andf (2, + 2f2, + f2,) dudv, respectrely. Harmonic
Splineswill bediscussedurtherin alatersectionof this paper

1.3 AssociatedNestedSpaces

As theinterpolationvaluesc, vary over a fixedknotset7, C €2, the minimizing
solutionsF'(t) for anelliptic, self-adjointvariationalproblemform a linear space
V(To).

Theorem 3 Givenanelliptic, self-adjointvariational problem& andknotset’, C
Q) for domainf?, the spaceof minimizers

V(To) = {F | E[F] is minimal,and F'(Ty) = ¢, for somec,}

is linear.

Proof: Becausg is elliptic andself-adjointminimizersof £ haveto satisfyalinear
partialdifferentialequationasgivenby EulerLagrangeNow, becausdifferentia-
tion is alinearoperationthe sumof two minimizersaswell asa scalamultiple of
aminimizerareminimizersthemseles.O



Example4 Givenfixedknotset7, = {0, 1,2, 3,4} andinterpolationconditions
e = 10,2,2,3,1} and ¢ = {1,1,0,0,2} we can solvefor the corresponding
Natural Cubic Spliness; (¢) ands,(t) shownin thetop row of figure 1. Solvingfor

the splinesatisfyingthe interpolationconditionc), + ¢2 = {1, 3,2, 3, 3} yieldsthe

functions; (¢) + s,(t) depictedn the bottomof figure 1.
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Fig. 1. Addingthe splinefunctionsfor two interpolationconditionsyieldsthe splinefor the
sumof theinterpolationconditions.

Theorem5 LetV(7,) and V(7}) bethe spacesf minimizersof an elliptic, self-
adjointvariational problemé overknotsets’, and7; respectivelyThen,

To C Ty = V(1) C V(TY).

Proof: Givenary F(t) € V(Ty) considerf(t) € V(Ty) with F(Ty) = F(Ty).
Assuming&[F| > &[F] yields a contradictionto £[F] being minimal because

A

F(Ty) = F(Ty) and " hassmallerenegy, i.e. ' ¢ V(7). Corversely assuming
E[F] < E[F] contradictsE[F] beingminimal becausé itself interpolatest'(7}),

A

i.e. ' ¢ V(Ty). Therefore£[F] = £[F] andthusF = F. O
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Fig. 2. Nestingof the solutionspacedor NaturalCubic Splines.

Example 6 Solvingfor theNatural Cubic Splineovertheknots7, = {0,1,2,3,4}
satisfyingthe interpolation conditionse, = {0,2,2,3, 1} yieldsthe functionde-
pictedon the left of figure 2. Samplingthis functionat the refinedknotset7; =
{0,1.1,2,2,2,3, 7 4} andsolvingfor the correspondingsplineyieldsthe identi-

cal function,depictedat theright of thefigure.



1.4 AssociatedsubdivisiorStheme

Thenestingof thefinerandfinersolutionspacessdescribedy theorenb implies
thatsolutionscanbelinked throughsubdvision. Thekey obsenationhereis thata
basisfor the coarsespacecanbe expressedn termsof the basisfor the next finer
space Subdvision canbe seenasa changeof basisfrom a coarseto the next finer
basis.

Theorem7 Let Ny(¢) and N,(t) be vectorsof basisfunctionsfor the solution
spaced/(T,) andV (T}) of elliptic, self-adjointvariational problemé& respectively
Then(in vectornotation)

V(To) C V(T1) = No(t) = Ni(1)Sq

for somematrix Sy, calleda subdivisionmatrix.

Proof: N, is abasisfor V(7). As V(Ty) C V(T1), No C V(T}). As N, is basis
for V(1}), Ny, canberepresenteéh termsof this basis.A columnof S5, contains
the coeficientsfor thebasisfunctionsin N; to represenbneparticularfunctionin
Ny. O

Note thatthe proof of theorem?7 did not requireary knowledgeaboutthe nature
of the basesV;. In particularit is not necessaryor the basedo be polynomialor
piecavise polynomial.Any function F'(t) € V(T,) canberepresenteth termsof
the basisNy(t) asF'(t) = No(t)po for somevectorof coeficients,p,. Dueto the
nestingof the spaces/(7,) C V(Ti), F(t) canalsobeexpressedn termsof the
basisN, (t) for V(T}), F(t) = Ni(t)p:. BecauseVy(t) = Ny(t)S, it is possibleto
expressthe coeficientsp; of F'(¢) in termsof thecoeficientsp, as

p1 = Sopo.

The matrix Sy is calleda subdivisionmatrix and naturally links solutionsover a
coarseknot setto solutionsover the next finer setof knots.

Example 8 ThecubicB-Splinebasis[dB72a,Boe8(Far88 HL93] is the basisfor
Natural Cubic Splineswith minimal support.It has beenstudiedto a great ex-
tentand wassuccessfuin manyreal world applications.The subdivisionscheme
for uniform cubic B-Splineds givenby the well knownLane-Riesenfeldlgorithm



[LR8O0]. For example,
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is the subdivisiormatrix which mapsfive contmol coeficientsof a uniformcubicB-
Splineinto nine finer coeficients.Remainingsubdivisionmatriceshavea similar
structue: there are two specialcolumnsfor ead boundaryof the grid and inte-
rior columnsof S, are all shiftsof thecolumn{---,0,1,4,6,4,1,0,---}. Figure 3
showsan exampleapplicationof this subdivisiorscheme

Fig. 3. Subdvisionfor NaturalCubicSplines.

Themaingoalof this papers thederiationof subdvisionschemesvhichproduce
solutionsfor elliptic, self-adjointvariationalproblemsA detaileddiscussiorof the
mathematicapropertiesof this approachhasbeendeferredto a technicalreport

[War9§.

Methodsfor variationalsubdvision have beensuggestearlierby Kobbeltet al.
[Kob96KS97,KCVS98. Thesesubdvisionschemesreinterpolatingj.e.thelimit
surfacegothroughtheinitial controlpoints.They requireiterative solvingfor new
controlcoeficientsin every roundof thesubdvision processTheschemesrenot
ashighly localizedasthe subdvision schemegresentedh this paper

We feelthatourwork is alsosignificantlyrelatedto publicationsby Dyn [Dyn87],
[Dyn86]. The authorobseresthatthe linear systemghat ariseduring surfacefit-
ting with radial basisfunctionsare numericallyvery poorly conditionedandthat
preconditioninghe systemwith anappropriatedifferenceoperatotyieldsa numer
ically muchmorestableproblem.In effect, this correspondso a changeof basis
from radial basisfunctionsto a morebell-shapedasis.The subdvision schemes
presentecherereproducethesebell-shapedoasisfunctionsfor uniform knot se-
guencegsection3).



2 Finite ElementSolution

This sectionpresentsa derivation of solutionsfor elliptic, self-adjointvariational
problemsn termsof afinite elementrocess.

A finite elementmethodsystematicallybuilds better and better approximations
to the true minimizer of a variationalproblemconsideringa nestedsequencef
domaingrids 7. Using a vector of basisfunctions B, (t), a spaceof functions
Span{Bj(t)} is associatedvith every domaingrid 7}. In eachof thesespacesthe
finite elementmethodfinds a bestapproximationty, € Span{Bi(t)} to thetrue
minimizerof thevariationalproblem.

As we shallseelater, convergenceof the F}, to thetrueminimizerof thevariational
problemcanbeguaranteed thesequencef domaingrids 7} andthecorrespond-
ing finite elemenbasess;(¢) arechosercarefully. In fact, eventhe coeficientsp,
cornvergeto thetrueminimizerof thevariationalproblemif thefinite elementbases
arechosenwell.

Givenadomaingrid 7%, solvingavariationalproblemwith finite elementsnvolves
threemajor steps:

e Choosea finite elementbasis B, (t) = {b}} anddefinefunctionsof level & as
Fi(t) = Bi(t) px. Herep, denotesa vectorof coeficientsof level &, providing
onecoeficientperknotin thedomaingrid 7%.

e Measurethe enegy of Fi(t) via £[Fy] = pl Ei. pr WhereE, turnsoutto bea
symmetric positive definitematrix.

e Determinethe p;, suchthat F;(¢) hasminimal enegy &[F}] = pl Fj pr and
satisfiegheinterpolationcondition F,(75) = ¢o.

Thefollowing sectiongddiscusghesestepsn moredetail.

2.1 Finite ElementBBasis

In termsof finite elementsa bestapproximatiorto the solutionof the variational
problemover the knot set 7}, is definedusinga setof continuousbasisfunctions
By (t) = {b¥(t)}, providing onebasisfunctionperknotin 7.

Usingthesebasisfunctions,our goalis to determinea bestapproximation#,(¢) to
thetrue minimizerof the variationalproblem,givenby

Fi(t) = Br(t)px - 9)

Herep; is a setof unknavn coeficients.



Obviously, for theenegy £[Fi] = E[Bx(t)px] in (4) to bewell defined,the basis
functions B;(t) shouldhave squareintegrablederivativesup to orderm, i.e. they
shouldlie in thecorrespondingobole spaceH,, (12).

For reason®f computationastability andsimplicity the basisfunctionsshouldbe
centeredbver the knots,e.g.for level 0 the :-th basisfunction shouldhave maxi-
mummagnitudeovertheknott; € 7.

Corvergenceof the sequencef finite elementsolutions F3(¢) to the true mini-
mizer of the variationalproblemdepend®on two factors:First, the aspectatio of
the simplicesin the domaindiscretization/};, hasto beboundedoy oneconstant.
Secondthefinite elementhasisfunctions B, have to spansuficiently large,com-
pletespace®f polynomials More detailto the cornvergenceresultswill befilled in
later.

Example9 Due to the structue of the variational problemfor Natural Cubic
Splinesthe finite elementbasisfunctionshaveto havesquae integrable deriva-
tives up to order two. A possiblechoice for thesebasisfunctionsare quadatic
piecaviseBéziercurves.

Attheboundarieof ) = [0, 4], wedesie basisfunctionghathavelinear precision
and minimal support.Giventheseconstaints, we proposea piecavise quadiatic
basiswith knotsat the halfintegers.Eacd of thefiverowsof numbersn figure 4 are
the Bernsteinbasiscoeficientsfor oneof the piecavisequadiatic basisfunctions.
(Divide by eightto getthe normalizedcoeficients.)

8 6 42 10000O0O0O0O0O0O0O0O0
0 2 46 6 6 42 10000O0O0O0O0
0 00012 46 66 4210000
0 00O0OOOOUOT12 46 6 6 420
0 00O0OOOOOOOOOT1I2 46 8
0 1 2 3 4

1 2 3 4 1 2 3 4

Fig. 4. Béziercontrolcoeficientsfor thefinite elementbasisfunctionsof level 0 (top) and
finite elementbasisof level 0 and1 over the domain([0, 4] (bottom). The basisfunctions
arepiecavisequadraticdBéziercurvesandarecenteredver theknots.

For the original grid 7, = {0,1,2,3,4} C Q = [0,4], the Béziercontmol coefi-
cientsfor thefinite elementbasis By(¢) are shownin the top of figure 4 together
with the resultingbasisfunctionsfor level 0 and 1 at the bottom.Finite element
basisfunctionsfor finer grids are derivedsimilarly usinga uniformly refinedknot
set.



2.2 Enegy Matrix andInner Product

Usingtherepresentatiort;(¢) from (9) of thelevel k& solutionof thefinite element
processthe enegy of p, canbe assesseds £[F;]. This canbe expressedas a
quadratidorm

ELFL] = pi Exps - (10)

where £, is a symmetric,positive definite matrix called the enegy matrix with
row and columnindicescorrespondingo knotsin 7}. Using the inner product
(-,-) associatedvith the variationalproblem(3) we get (Ey);; = (bF(1),b%(1)).
The resultof applyingthe enegy matrix £ to a setof coeficients p; is called
differences

Example 10 For Natural Cubic Splines,the inner productis givenby (6). The
enegy matrix £, basedonthe piecaviseBézierfinite elemenbasisfunctionsfrom
aboveis

1 =2 1 0 0
-2 5 -4 1 0
1 -4 6 -4 1
0 1 -4 5 =2
0 0 1 =2 1

EOZ

Subsequeriinite elemenbasesB;(¢) canbederivedfromtheinitial basisB,(t) by
addingnew uniformbasisfunctionsto theinterior of ). Thecorrespondingenegy
matricesF,, are uniformontheinterior of 2 andagreewith £, ontheboundaryof
Q). Notethatthe E; shouldbe scaledby an extra factor of 8* to reflectthe change
in thegrid spacingon the secondderivative(16*) andtheintegral (2%) in (1).

2.3 Minimizationwith Interpolatedvalues

For &£[F}] to be minimal, the control points p, have to minimize p! E,p, subject
to the interpolationconditionsF(7;) = ¢. In this section,we setup the linear
systenresultingfrom this problemandsolve for theunknown coeficientsy,.

Due to the interpolationconstraintsp;, is not completelyunknovn. Someof the
entriesin p; correspondo theknots7, with interpolationconditionse. In fact, px
canbepartitionedinto a known partp; andanunknown partp} as



wherep; containscoeficientscenteredvertheknots7, andp} correspondso the
knots7y — Tj.

Usingthis decompositiorof p,, equation(10) canberestatedas

E[Fy] = pf Expr
Enn Enu ) <pn )
_ (.aT uT k k 2
(p; Pk ) <E;cmT E]lclll p};T
=pr B+ 2pp EXpr +pp By (11)

Ep™ containghoseentriesof £, whichhave row andcolumnindicescorresponding
to known grid values(knotsin 7,), E3* containsentriesof Fj which have row
indicesof unknavn andcolumnindicesof known coeficients(row indicesof knots
in T}, — Ty andcolumnindicesof knotsin 7;) andsoon.

Now, p2T Ernp2 is constant2pt” Ep? is linear, and pi” EUpt is a quadratic
form in theunknavnsp}. Therefore the derivative of (11) with respecto the un-

knownsp} canbeexpresse@s2 £} " py; + 2L p andtheminimizerof (10)is the
solutionp} to

EMpy + B pp = 0. (12)

Usingblock matrix notation,equation(12) canberewritten as

EllllElll'l (pg) — 0‘
(e (1

Incorporatingheinterpolationconstraintyields
Egt B pz)_<0)
(i ) Gp) = (2)e 49

where([}'I}}) is theinterpolationmatrix of level & for thefinite elemenbasischo-

n
k

Fi(t) = Bi(t)pr overtheknotsTy. Z denotesheidentity matrix on 75.

sen,i.e. (I;}1}}) (gk) yieldsthevalue Fy(T}) of thefinite elementrepresentation

From the finite elementliterature[Sha99 we know that the cornvergenceof the
interpolatingfinite elementsolution(13) is governedby two factors:The spaceof
polynomialsspannedoy the finite elementbasisusedandthe aspectratio of the
finite elementsFor more detailsthe interestedreaderis referredto Chapter3 of
[Sha9j.

11



Theorem 11 If thefinite elementbasisfunctionsusedfor the constructionof the
enegy matrix £y in (10) spanthespaceof polynomialof degreer andif theaspect
ratio of thefinite elementst anylevelis boundedy a constant, thenthesolutions

(iﬁ ) to (13) corvemgeatrate O(c A" ') whee k denoteghegrid spacing
k

Proof: SeeTheoren3.1,p. 77in [Sha9]. O

Example 12 Thefiniteelemenbasisfunctionsfor Natural CubicSplinesare piece-
wisequadiatic polynomialsthusr = 2 in theoem11. If the knotsets7} are de-
rived usinguniformrefinemenof the original knots7}, thentheaspectratio of the
finite elementss oneat anylevel,i.e. ¢ = 1 in theoem11. Thus,theinterpolating
finite elemenprocesg13) for Natural Cubic Splinescorvemgesat rate O(%?).

In this case theinterpolationmatrix / hasinterior rowsthat are translatesof the
sequencg{---,0,1,6,1,0,--}. Asanexample thesysten(13) for thegrid 7} =
{0,1,1,2,2,2,3, 7 4} hastheform

-4 0
—4

o O
jen i en B an]

|
G

O O oo O O = Ot
O O O O = Oy
O~ O O = O = O
OO O O Ol = O O
OOOO?—‘C)OC)J\9
cCocorwo oo L
OO»&I@OOO'
N
Orlwo © O | |
o

—_o O O O

Figure 5 depictsthe basisfunctionsfor Natural Cubic Splinesresultingfrom this
solutionprocessThey are the solutionsto the abovesystenwhee interpolationis
enfocedovertheknots?, = {0, 1,2, 3,4} andtheinterpolationconditionsc, are
aunit vectorsof theform (0, ---,0,1,0,---,0).

0.2

Fig. 5. Interpolatingbasisfor naturalcubic splinesasyielded by the interpolatingfinite
elemeniprocess.

Thepiecavise Bézierrepresentations(¢) corverge to a minimizerof the varia-
tional problemby theoem11. Furthermoe, the coeficientvectorsp, corvemgeto
the functions#},(¢) accoding to De Boor [dB721d pp. 154.Asa result,the coefi-
cientvectorsp; themselvesorvemge to a minimizerof the variational problemas
k — oo.

12



2.4 Minimizationwith InterpolatedDifferences

This sectionappliesa changeof basisto the just introducedinterpolatingfinite
elementprocessUsing a re-formulationof (13) to an approximatingsolution,we
conciselycharacterizesubdvision schemeshatconvergeto minimizersof elliptic,
self-adjointvariationalproblems.

Thesecondow of thesystem(13) determineg;, suchthat Fy,(t) = By (t)py, inter-

polates, over 7,. Unfortunatelyin mary caseghisinterpolationleadsto undesir

ablepropertiesof the solutionp, . For example,changingust oneof the entriesin

¢o for NaturalCubicSplinesresultsin a globalchangean the solution.This section
presents new schemewhich leadsto solutionswith muchnicerproperties.

To this effect, we apply a changeof basistransformatiorto the interpolatingfinite
elementproblem(13): The interpolationconditionsarereplacedoy constraintson
theenegy of the solution.Equation(13) canberephraseds

B E;;ﬂ)(;a};) (0)
= 14
<E;;" Epm ) \pp Eo ) PO (14)

wherep, is someinitial setof controlpointscenteredvertheinitial knots7;. Note
that (14) forcesthe p; to be chosensuchthat thosedifferencesn FE;p, centered
over theknotsT; arethe sameasthe original differencesat theseknots,i.e. Fypo.

All remainingentriesin £, p, mustbezero.

To seethattheinterpolatingandapproximatindinite elemenfprocessearerelated
by a changeof basis,we first have to exposetherespectre basesTo this end,the
interpolatingsystem(13)is expresseds

EfoBRY (0

where(;, is a solutionmatrix whosecolumnscontainthe coeficientsof theinter-
polatingcardinal basisfunctions B, ()}, of level k. Similarly, the approximating
finite elementrocesg14)is rewritten asa matrix problem

Ef BN (0
(E;;u E]l;n)Nk— <E0)7 (16)

wherethe columnsof the solution /v, containthe coeficients of approximating
basisfunctions By (t) N, for the problem.The following theoremshaws that the
columnsof N, arelinearcombination®f columnsof (..

13



Theorem 13 Thecardinal basisC}, andtheapproximatingbasisN, arerelatedby
a changeof basis,i.e.

Nk = OkMk

for somematrix M.

Proof: Recallthat(C); wasdefinedasa solutionto (15),i.e.
(i w)e=(z)
while N, wasdefinedasa solutionto (16),i.e.
(pan ) Y= (5, )

Accordingto the first row of (15), ( £ Ep™)Cy = 0, the columnsof C lie
in thenullspaceof ( £} E™). In fact, C;, spanghenullspaceof ( £ E™)

becaus E[’; [‘; ) is invertible and becausehe columnsof (g) arelinear
k k
independent.

However, by thefirst row of (16), ( £y EP™) N, = 0, thecolumnsof N lie in
the nullspaceof ( £ EF™) aswell. Therefore the columnsof N, canbe ex-
pressedasalinear combinationof the columnsof €. The changeof basismatrix
M, containghe weightsfor expressingcolumnsof N, in termsof alinearcombi-
nationof thecolumnsof C},. O

The () convergeto abasisfor the spaceof minimizersfor the variationalproblem
dueto theoremll. By theoreml3, the columnsof N, canbe expressedaslinear
combination®f the columnsof C'.. Finally, by theorem3, the spaceof minimizers
of thevariationalproblemis linear. Thus,if the NV, corverge,thenthey corvergeto
minimizersof thevariationalproblemaswell.

At this point, establishingconvergenceof N, canbereducedo shaving corver-
genceof the changeof basismatricesM;, — which is well beyond the scopeof
this paper We ratherderive subdvision schemegor theapproximatingoasisfunc-
tions V. If necessaryconvergenceof the subdvision schemecanbe shavn using
standardechniquegRei95,Z0r98].0Oncecornvergenceof the subdvision scheme
is establishedve thusknow by the combinationof theorems3, 11, and13 thatthe
schemehasto cornvergeto minimizersof the variationalproblem.

14



Revertingtheblock decomposition(14) canbe expressedanoreconciselyas
Eg E,‘;“)<p};) <0)
< g g ) (o kPk B, )P0 (17)

The right-handside of (17) canbe expressedmore conciselyusingthe notion of
anupsamplingmatrix U,_,; which replicatescoeficientsassociatedvith knotsin
Ti._, to thenext finer grid 7, andforceszerocoeficientsattheknots7, — 7}_;.
Now (14) canberestatedas

Erpr = Up_1Up_a - - - Ug Egpo. (18)
Again, equation(18) statesthat the p, arechosensuchthat £ p, reproduceshe

differencesyp, over the original knots7;, andforceszerodifferencestall knots
in T — Tp.

Example 14 The upsamplingmatrix U/; which carries coeficientsover knot set

To = {0,1,2,3,4} to coeficientsovertheknotsetT; = {0, 3,1,3,2,2,3,1 4} is
givenby

Uo

Il
OO OO OO oo
OO O OO oo o
OO OO — OO oo
OO~ OO O o oo
—_— O O O O oo oo

Thematrixmultiplicationv, = Uyv, for somev, of sizeb yieldsa coeficientvector
v, Of size9. v; containsthe valuesfrom v, for the knots7;,, and value0 for all
remainingknots.

Two suchconditions(18) for levelsk andk + 1 canbeassembleas

Eypr = Up_y1 - - - UgEopo

Erviprsr = Uy - UgEopo.

Combiningthemyields Fi.1pri1 = U Erpr. Finally, applyingthe definition of
thesubdvision matrix, p;+1 = Skpx, yieldsthefundamentatelationship

By Sy = Uy By (19)
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Notethatequation(19) allows usto expressthe solutionto thevariationalproblem
asasubdvision schemalefinedby the subdvision matricesS;.

Thebehaior of theassociatedubdvision schemas clear S; placeshenew con-
trol pointsp,,; soasto replicatethe differencest;p; over the old knots 7}, and
forcesdifferencesatthenew knots7y,., — 7T} to bezero.

Example 15 We can usethe piecavise quaditic Bézier curvesdescribedin ex-
ample 9 as the finite elementbasis B, (¢) in our derivation of the enegy ma-
trix k£, for (7). ConsequentlyF; hasrows that are multiplesof the sequence
{-+,0,1,—4,6,—4,1,0,---}. Applyingthis maskto S, fromthe Lane-Riesenfeld
algorithm (Example8) yieldsthe matrix £S5, whoserows alternatebetweerall
zeoesandrowsthat are multiplesof {---, 0, 1, —4, 6, —4, 1, 0, - - - }. Hence the
actionof 9y is to positionthe new contmol pointsp; = Sopo sud that F;p; repli-
catesthe differencesof the original differencesk,p, at the knotsof 7;, andforces
zepo differencesat new knotsin 77 — Tj. Figure 6 illustratesthisidea.

® coefficients with replicated differences
® coefficients with zero differences

Fig. 6. Coeficientsshadedy differencetype.

Note thatthe resultingsubdvision schemas not necessarilynterpolating.To in-
sureinterpolation,the initial control pointsp, mustbe chosensuchthatthe limit
interpolateghe desiredvaluesover 75.

Example 16 For Natural Cubic Splinesthe columnsof £, are notlinearly in-
dependenand equation(19) doesnot uniquelydetermineS,. However, enforcing
minimalsupportof S yieldsa uniquesolution.

By equation(19), thesubdivisiomrmatrix .S, satisfiegshe equationt; Sy = Uy Ey,

1 -2 1 0 0 0 0 0 0 1 -2 1 0 0
-2 5 -4 1 0 0 0 0 0 0 0 0 0
1 -4 6 -4 1 0 0 0 0 -2 5 -4 1 0
0 1 -4 6 -4 1 0 0 0 0 0 0 0 0
8 0 0 1 -4 6 -4 1 0 0 So = 1 -4 6 -4 1
0 0 0 1 -4 6 -4 1 0 0 0 0 0 0
0 0 0 0 1 -4 6 -4 1 0 1 -4 5 =2
0 0 0 0 0 1 -4 5 =2 0 0 0 0
0 0 0 0 0 0 1 -2 1 0 0 1 =2 1



Fromthis characterizationit becomeslearthatanysolutionfor the Natural Cubic
Splinevariational problemhasto satisfythe “natural” boundaryconditionsof
having secondderivativezen at both endpoints:The first and last row in both
enegy matricesabovemeasue the seconddifferencenext to the endpointof the
spline However thesedifferencesscaleby a factor of 1 betweertheleft andright-
handsideof theequation.Thus,ask — oo, this differencecorvemgesto zeo.

Since F; is not invertible, Sy is not uniquelydeterminedideally, we would like
subdivisiorrulesthatagreewith thosefor cubicB-Splinentheinterior of 2 and
are local ontheboundaryof ). Lucily, sud an S, existsandhastheform:

8 0 0 0 0

4 4 0 0 0

1 6 1 0 0
104400
So==-[0 1 6 1 0
800440
0 01 6 1

0 0 0 4 4

0 0 0 0 8

Theserulesagreewith therulesfor uniformcubic subdivisionon theinterior of
and are local at the boundaryof 2. SubsequergubdivisionmatricesS; havethe
samestructue.

Remarkablytheresultingsplinesare piecavisecubicfunctions evenat the bound-
ary of ). Thesesubdivisionrules for the endpointsof a cubic B-Splinewere pro-
posedpreviouslyby DeRoseet al. in [HDD *94]. However, theauthorsderivedthe
rulesin an ad hocmannerandfailed to recognizeheir interestingproperties.

3 Variational SplinesOver Uniform Knot Sequences

In this sectionwe examinetwo variationalproblemsover thesimplesttypeof knot
sequencesiniformknots.If thedomain is R¢, thentheseuniformknotsequences
T, aredilatesof theintegergrid Z¢,

1

7 _ d
Tk_Q_kZ'

In thefirst example,we derive thesubdvision rulesfor B-Splinesfrom their corre-
spondingvariationalproblem.In the secondexample,we derive subdvision rules
for splinesthat satisfy the harmonicequationalsoknown asLaplace$ equation.
Throughouthis sectionwe will usegeneratingunctionsasa corvenientandcon-
ciseway or representingequencesf coeficients.Thereademunfamiliarwith gen-
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eratingfunctionsis referredto Dyn [Dyn92] which discussesheir usefor subdvi-
sionin greatdepth.

3.1 B-Splines

Theuniform B-Splinesof order2m aredefinedovertherealline R (thedomainf?)
andminimizetheenegy functional&, asdefinedin (4), whoseassociatedlifferen-
tial operatorD is of orderm, i.e.

am

D=—.
atm

We next derie the subdvision rulesfor theseB-Splinesusing a variationalap-
proach.

We choosethe finite elementbasisfunctions By (¢) to be uniform B-Splinesof

degreem (i.e. orderm + 1). For evenm, thesebasisfunctionsarethentranslated
by afactorof 27%~! to centerthebasisfunctionsovertheknots?}, suchthatexactly

oneof the basisfunctionshasmaximalmagnitudeover ary knot.

Application of the mth derivative operatorD to the B-splinefinite elementrepre-
sentationf(t) = By(t)ps, yieldsDFy(t) = D (Bx(t)px). Becausehemth deriva-
tive of adegreem B-splinecanbewrittenasadegreem —m, i.e. piecaviseconstant
B-spline,we getDB, (1) = D, Bi(t) whereD, is a matrix of discretedifferences
and By(t) arethe piecavise constantB-spline basisfunctionsover the knots 7},
[Far8§.

In the uniform case all of the matricesD;, have rows thatareall shifts and mul-
tiples of a singlefundamentakequenceThe coeficientsof this sequence&anbe
corvenientlycaptureddy the generatingunctiond(z) where

d(z) = (1 —2)™.

A

Becausethe inner product [ bi(¢)bi(1) of the ith and jth piecavise constantB-
spline basisfunctionin Bk(t) is oneif :+ = j andzerootherwise,the enegy of
Fy.(t), E[Fy] is givenby pI' DT Dyp,. Accordingly, the rows of the corresponding
enegy matricesD! D,, areall shiftsandmultiplesof asinglefundamentasequence
e(z) givenby



Theusefulnessf expressing:(z) in termsof ageneratingunctionis thatthe cor-
respondingubdvision matricescanalsobeexpressedn termsof generatingunc-
tions.

In theuniformcasethe columnsof thesubdvision matricesS; canbechoserto be
shiftsof asinglesequenceThegeneratingunctions(z) for thissequencencodes
the coeficientsof S5, asfollows:the:jth entryof Sy is s,_,;. Rewriting equation
(19)in termsof generatingunctionsyields

2% e(2)s(z) = 2e(2?). (20)

e(=z?) reflectsthe actionof the upsamplingmatricesl/; on Ej. Thefactorof 2™
reflectsheeffectof halvingtheknotspacingonD. Thefactorof 2 of theright-hand
sidereflectstheeffect of halvingthe knot spacingontheintegral.

Recallingthatd(z) = (1 — 2)™, then

e(z) = (1 - Lym(1 — o)

z

Sincel — z dividesl — z2, e(z) mustdivide ¢(z?). Therefore,

(14 2)*™

( ): 22m—12m

by equation(20). This generatingunctionencodeghe subdvision rulesfor a B-
Splineof order2m (degree2m — 1) [LR80]. For examplethe generatingunction
s(z) for uniform cubicB-Splinesubdvisionis

14 2)* 1 B B
(87):5(1z 244, 1—|—6—|—421—|—122).

3.2 HarmonicSplines

Let thedomain() betherealplane,R% Considethe enegy functional
0 13}
E[F) = [(=—F#))* + (=—F(t))dt
(7= [ (G F O + (5 F(0)

Q

wheret = (1, t5). The EulerLagrangeT heoremnyieldsthe harmonicequation

0? 0?

8_t%F(t) + 8_t§F(t) = 0.
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L J
0 0 0

Fig. 7. A piecaviselinearfinite elementbasis.

We refer to the functionsthat satisfy this equationas harmonicsplines.We next
derive a setof subdvision rulesfor harmonicsplinesover uniform grids.

TheknotsetsT}, partition{) into asquaregrid. If eachsquaras splitinto two trian-
gles,the piecavise linear hat functionsfor this grid form a suitablefinite element
basisBy(t) (seefigure7). Therearetwo waysto split thesquaregrid into triangles.
However, theresultingenegy matricesareindependentf theactualsplit chosen.

As before,the rows of the enegy matricesF areall multiplesandshifts (in the

two-dimensionagrid) of a fundamentabequence(z). If d;(z) andd,(z) arethe

H a d
discreteanalogof 3 andﬁ, then

wherez = (z1, z2). Theenegy maske(z) satisfies

() = da(2)da( ) + da(2)da( ).

Plottingthe coeficientse;; of ¢(z) at (i, j) € {—1,0, 1}? yieldsthetwo-dimensio-
nalenegy mask

Thegeneratindunctions(z) for theassociatedubdvision schemesatisfiesagen-
eralizationof equation(20)

22" e(2)s(z) = 2de(22).
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Thefactorof 2¢ reflectsthe effect of halvingthe knot spacingontheintegralin £.

In the caseof harmonicsplines,m = 1 andd = 2 sothe subdvision masks(z) is
simply ee((f)) For B-Splines¢(z) exactly dividede(22) andtheresultingsubdvision
ruleswerefinite. For harmonicsplines,¢(z) doesnot exactly divide e(z?). Fortu-
nately s(z) stills existsasabi-infinite power series To generatehis serieswe use
the expansionof % asa bi-infinite power seriesin the neighborhoodf » = 1
(i.e.theLaurentexpansion).

At first glance this expansionmay appearo beill-definedsincee(1) = 0. How-
ever, aswe next shaw, s(z) is well-definedin the neighborhoodf = = 1. The
behaior of s(z) atz = 1 is equivalentto thatof s(1 — 2) atz = 0. Substituting
1 — Zintoe(z) yields

S 22
e(1-2) = 5 + 125
H+2+0(5)
(1—2)(1-%)

Substitutingthis expansionanda similar expansionfor ¢((1 — 2)?) into equation
(20)yields
s(1—2%) = 4“’?% + %23 + 0523).

24224 0(2%)

In this form, two importantpropertiesof s(1 — 2) becomeclear First, s(1 — 2) is
convergentat 2 = 0. Seconds(1 — 2) is definedfor someopenneighborhooaf
z = 0 since2{ + 23 vanisheonly at? = 0.

Figure8 givesatwo-dimensionaplot of asubsebdf thebi-infinite coeficientmask
encodedy s(z). Notethatthesecoeficientsdecayvery rapidlyas|z| — oc. Due
to thisfastdecaytheexactsubdvisionmatrix .S canbeapproximatedo ahigh pre-
cisionby a sparsesubdvision matrix S. Section4.1discussea systematienethod
for constructingsuchanapproximation.

0.002 0.002 0.002 -0.002 -0.011 -0.002 0.002 0.002 0.002
0.002 0.005 0.007 0.002 -0.034 0.002 0.007 0.005 0.002
0.002 0.007 0.021 0.035 —0.128 0.035 0.021 0.007 0.002
—0.002 0.002 0.035 0.244 0.454 0.244 0.035 0.002 -0.002
- —0.011 -0.034 -0.128 0.454 1.454 0.454 -0.128 -0.034 -0.011 .-
—0.002 0.002 0.035 0.244 0.454 0.244 0.035 0.002 -0.002
0.002 0.007 0.021 0.035 —0.128 0.035 0.021 0.007 0.002
0.002 0.005 0.007 0.002 -0.034 0.002 0.007 0.005 0.002
0.002 0.002 0.002 -0.002 -0.011 -0.002 0.002 0.002 0.002

Fig. 8. Plotof the coeficientsof s(z) for harmonicsplines.
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An applicationof thissubdvisionschemas shavn in figure9. Startingin theupper
left we depictin clockwiseorderthe controlgrid after0, 1, 2, and3 applicationsof
thesubdvision matrix S.

Fig. 9. Exampleapplicationof the subdvision schemdor harmonicsplines.

Again, by theoreml1 the interpolatingfinite elementsolver for harmonicsplines
convergesto the true minimizer of the variationalproblembecausehe piecavise
linearfinite elementfunctionscompletelyspanthelinearpolynomialsandbecause
theaspectatio of thetwo dimensionaklementgfdomaintriangles)is boundedy
aconstanatary level. As before,a simplechangeof basislinks theapproximating
subdvision schemeandthe interpolatingfinite elementsolver. Thus,the approxi-
matingsubdvision schemes(z) for harmonicsplinesalsocorvergesto minimizers
of thevariationalproblem.In fact, becauséheunderlyingfinite elemenbasiswere
piecavise linear hat functions,the coeficients themseles converge to the mini-
mizerof thevariationalproblem.

As aquick sidenote,if welet

0?0

= — 4+ —
12

v ot3’

thenV F'(¢) = 0 is theharmonic(or Laplaces) equation.
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4 Subdivision Schemedor BoundedKnot Sequences

In this sectionwe considera situationof practicalimportance How do theseuni-
form subdvisionscheme$®ehaeif thedomainf? is boundedAs we shallsee the
resultingsubdvision schemesave rulesthat vary dependingon their relationto
theboundaryof Q2. However, theresultingrulesarestill independenof the level of
subdvision.

4.1 HarmonicSplines

We considetthevariationalproblemof harmonicsplines.In this casewe boundthe
domain(} to bethe squar€0, 4]2. Our approachto this problemconsistsof three
steps:

e Choosea sequencef finite elementbasesB;(¢) and derive a corresponding
sequencef enegy matriceskty.

e Giventheseenegy matricesk,, derive exact, globally supportedsubdvision
ruless; satisfying

Ek+15k = UkEk

o Approximatetheseexact subdvision rulesof S, by afinite setof locally sup-
portedsubdvisionrulessS;.

We next describesachof thesesteps.

4.1.1 Finite ElemenBasesand Enegy Matrices

Figure7 depictedthe canonicalfinite elementfor harmonicsplineswhoseinteger
translategorm a basisfor the solutionspace Restrictingthe supportof theseele-
mentsto 2 yield thedesiredsetof basesB,(¢). Notethatthereareonly threetypes
of elementsinterior elementsboundaryelementsandcornerelements.

The correspondingnegy matricesk, have a similar structure.£;,, containsonly
threetypesof rows;interiorrows, edgerows andcornerrows. Eachtypeof row has
a single canonicalmaskassociatedvith it. Figure 10 illustratesthis propertyfor
Ey.

4.1.2 Constructinghe ExactSubdivisiorRules

Sincethe enegy matricesk;, arenot invertible, equation(19) doesnot uniquely
determinean associatedubdvision schemeln particular equation(19) doesnot
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Fig. 10. Rows of enegy matricesfor boundecharmonicsplines

specifythe actionof the subdvision schemeon the constanfunctionone.

To thispurposelet M, denoteintegralsof thebasisfunctionsBy(t),

M, = /Bk(t)dt.

For example,the entriesof M, areeitherl, % or i dependingon whetherthe

correspondindpasisfunction lies in the interior, on a boundaryor at a cornerof
Q). By thelinearity of integration, My, p; is exactly theintegral of F,(¢) = pr Bk (?).
If we addtherestrictionthatthe subdvision schemeoresere the integralsof the
finite elementapproximationsthen

Mit1prs1 = Miy1Sepr = Mipy.

Sincethis conditionholdsfor all p;, S;. satisfies
Mk-l—l Sk = Mk
With this addedequation,S;, is uniquelydeterminedIf the By(¢) form a partition
of unity, then S, hasconstanprecision.
Theresultingsubdvision matricesS; have two interestingproperties.

e ThesubdvisionrulescomprisingS; have avery localizedinfluence.Thevalue
of acoeficienton 7}, dependsnainly onafew nearbycoeficientsin 7}. This
propertyfollows directly from thefactthatthe S, arederivedfrom avariational
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problem Non-localinfluencewould beinconsistentvith alow “eneigy” solution
to thevariationalproblem.

¢ Thesubdvision matricesS; areconverging to a singlesubdvision matrix .S in
theneighborhoof a cornerof 2. This propertyis dueto thefact thatthe knot
gridsT}, arelocally dilatesof eachotheratthecornersof €. As aresult,theeffect
of S, canbeapproximatedy a setof rulesthatareindependentf .

4.1.3 Finite Approximationof the ExactSubdivisiorRules

Basednthesewo obsenationswe suggesapproximatinghesesxactsubdvision
rulesby afinite collectionof compactlysupportedsubdvisionrules.In particulay
we proposeusing10distincttypesof subdvisionrules;threerulesatthe cornersof
Q, four rulesalongtheboundarie®f (2 andthreerulesfor theinterior of 2. Figure
11illustrateslocationof theselOrulesonafive by five grid of knots.

To computetheserules,we treatthemasunknavnswith the samesupportasthose
for a bi-cubic B-Splineanddenotethe resultingsubdvision matricesS. Our goal
is to computevaluesfor theunknavn entriesof S, suchthat

Ek—l—lgk ~ UkEk

More preciselywe wish minimizethe expression

HéinHEngk — U B o (21)
k

Recallthatthe infinity normof a matrix is the maximumover all rows of the sum
of absolutevaluesof the entriesin a givenrow. Dueto the repetitionof difference
rulesin F; andthe useof only 10 distinct subdvision rulesin S, thereareonly

15 distinctrows sumsin FEjq S, — Uy E, for anychoiceof k. Threedistinctrows

sumsarisefrom theunknawn interior rulesfor S. 7 and5 distinctrows sumsarise
from the speciaboundaryandcornerrulesof Sj..

Themostimportantconsequences this obsenationis thatthe minimizerfor ex-

pressior2lis alsoindependentf £. Settingk = 0, expressior21 canbeminimized
using linear programming.Figure 11 givesthe suggested/aluesfor theserules.
Theseuleshave alsobeenadditionallyconstrainedo have constanprecision.The
resultis asubdvision schemehatapproximateshesolutionto the harmonicequa-
tion.

Theupperportion of figure 12 is aninitial five by five grid of controlpoints.The
lower left portion of thefigureis a 17 by 17 grid producedby applyingthe exact
subdvision schemdor harmonicsplinesto thisinitial grid. This surfacewascom-
putedvia matrix inversion.The lower right portionis the 17 by 17 grid produced
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control mesh

exact solution sparse approximation

Fig. 12. An exampleof subdiisionfor boundecharmonicsplines

by applyingthe local rulesof figure 11. For thosewho wish, a Mathematicam-
plementatiorof thesecomputationgor harmonicsplinesis availableasatechnical
reportfWw9o7].

5 Conclusionsand Futur e work

We shavedthatanimportantclassof variationalproblemshasa fundamentahest-
ing propertyof therelatedsolutionspacesModifying thetraditionalfinite element
solutionprocesgo utilize interpolationof enegy valuesinsteadof functionvalues,
we wereableto derive a concisecharacterizationf subdvision schemeshatcap-

ture this nestingto expressfiner andfiner solutionsto thesevariationalproblems.
While the exact solutionin mary casesequiresa globally supportedgsubdvision

schemea locally supportecandstationaryschemecanbe usedto approximatehe

solutionto a high degreeof accurag.

Theresultsof this papereadto a variety of interestingoroblemsHereareseveral
possibilitiesfor futurework identifiedby theauthors.
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5.1 Interpolationwith ApproximatingSubdivisiorSdemes

Thesubdvision schemeslervedaccordingo the methodologypresentedhereare
approximatingj.e. the limit objectsdo not go throughthe original, coarseston-
trol points.Instead givena setof interpolationconditionsc, anappropriatesetof
initial control pointsp, hasto be determinedirst suchthat the limit interpolates
¢o. For stationarysubdvision schemeshis problemcanbe solved very efficiently
usinganinterpolationmatrix. This matrix containssamplef the underlyingsub-
division basisfunctionsat the knotsof the coarsesgrid andcanbe derived from
thesubdvision matrix in a straightforwardsolutionprocess.

5.2 Locality of the SubdivisiorSthemes

In finite elementnalysistheenegy matricesk;, dependntheinitial choiceof the
finite elemenbasesB;(t). Differentsequencesf basedeadto differentsequences
of enegy matrices Accordingto ouranalysistheenegy matricesdeterminea sub-
divisionschemdor the spaceof minimizers.Differentsetof enegy matricedeads
to differentsubdvisionschemdor the samespaceof minimizers.Thefundamental
problemhereis determininghesetof enegy matricegshatmaximizethe“locality”
of thecorrespondingubdvisionscheme.

5.3 Multi-ResolutionMethodsor Variational Problems

Variationalsubdvision and multi-resolutionanalysisare intrinsically linked. We
intendto explorethisideain termsof determininga “natural” waveletbasisasso-
ciatedwith the subdvision schemeAnotherinterestingorobleminvolvesapplying
multi-grid correctionsto the local rules usedin approximatingthe globally sup-
ported,exactsubdvision schemesTheusercouldapplythelocal subdvisionrules
asdesiredwith the optionof applyinga multi-grid correctionwhennecessary

5.4 SubdivisiorShemedor Thin Plate Splines

We have purposefullyleft the mostinterestingvariationalproblem,that of Thin
PlateSplinesto anothempaper Thefinite elementasesecessaryo createa sub-
division schemdor thesesplinesareratherinvolvedanddesere a completeexpo-
sition. Usingthesebasesequation(19) is employedo derive subdvision schemes
for severalimportantcasesncluding

¢ regularsubdvision of boundedrectangulagrids [WW9§],
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e regularsubdvision of irregular, triangulargrids.

5.5 KnotlInsertionShemedor Irregular Data

Subdvision schemesnsert mary differentknots simultaneouslyKnot insertion
schememmsertasingleknotatatime.Remarkablyequation19) canbeusedio de-
rive knotinsertionalgorithmsfor variationalproblemsin asecondoaperfWar971,
we shav that Boehms algorithmfor knot insertioninto B-Splinescanbe derive
directly from equation(19). Thekey to this constructions thatdivideddifferences
can be capturedas the solutionto a very simple problemin linear algebra.The
paperconcludesdy developingaknotinsertionalgorithmfor harmonicsplines.
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