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Abstract

The original theory of splinesgrew out of the study of simple variationalproblems.A
splinewasafunctionthatminimizedsomenotionof energy subjectto asetof interpolation
constraints.A morerecentmethodfor creatingsplinesis subdivision. In this framework, a
splineis the limit of a sequenceof functions,eachrelatedby somesimpleaveragingrule.
Thispapershowsthatthetwo ideasareintrinsicallyrelated.Specifically, thesolutionspace
to a wide rangeof variationalproblemscanbecapturedassplinespacesdefinedthrough
subdivision.
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1 Intr oduction and Motivation

A fundamentalproblemin geometricdesignis therepresentationof smoothshapes
with mathematicalmodels.Thegeneralthemeof variationaldesignis to definea
shapeastheminimizer of someenergy functional.For example,B-Splinesmini-
mizeasimpleapproximationof bendingenergy. Theaimof thispaperis to exhibit
theintrinsic link betweensubdivisionandvariationaldesign.

We show that thesolutionspacesfor the mostcommonclassof variationalprob-
lemshave aninterestingnestingproperty. This in turn impliesthatsubdivisioncan
be usedto expressminimizing solutions.We exhibit a methodologyfor deriving
subdivisionschemeswhoselimit shapesareminimizersof variationalproblems.

1.1 Natural CubicSplines

Historically, asplinewasathin, flexible pieceof woodusedin drafting.Thedrafts-
manattachedthe spline to a sequenceof anchorpointson a drafting table.The



splinewasthenallowedto slide throughtheanchorpointsandassumea smooth,
minimumenergy shape.

In the1940’s and50’s,mathematiciansrealizedthatthebehavior of a splinecould
be modeledmathematically. Let the shapeof the splinebe modeledby thegraph
of a function ������� over a domaininterval 	�
����� . The first derivative ��������� gives
the tangentsfor ������� . Thus,thesecondderivative ����������� measureshow muchthe
tangentsof � change.In otherwords, ����������� indicateshow much ������� bendsat � .
Therefore,thebendingenergy at parametervalue ����	�
����� is roughlyproportional
to the value of the secondderivative of � with respectto � . The total bending
energy associatedwith thefunction � on theinterval 	�
����� canbeapproximatedby
theintegralof thesquareof thesecondderivativeof � ,� 	������  ! " �$#�#%�����'&)(*�,+ (1)

The effectsof the anchorpointson the splinearemodeledby constraining� to
satisfyadditionalinterpolationconditions.If -. denotesa vectorof parameterval-
uesfor theseinterpolationconditions,-./�0�'.1�2��3��1414145�)�'6 and 7�. denotesavectorof
interpolationvalues,thentheseconditionscanbe statedmoreconciselyin vector
notationas ���%- . �8�97 . + (2)

Theentriesof - . arealsocalledknotsand - . is calledtheknotvector. Functions
thatminimize(1) andsatisfy(2) arecalledNatural CubicSplines3 .
1.2 Variational Problems

More generally, a variationalproblemis definedover a domain : that is a closed
subsetof ;=< . Let the -?> bea nestedsequenceof knot sets-�>A@B: suchthat -?>AC-�>2D 3 . Theknotsets-�> areassumedtogrow densein : as EGF H . Theinterpolation
conditionsfor thevariationalproblemareenforcedover - . , theinitial knotset.

Definition 1 Givenan innerproductof theformI �J�LKNMO� !PRQ5S E S ��T S �������2����T S K=�����2�'(*� (3)

3 As we will point out later, any U minimizing (1) haszerosecondderivative at the re-
spectiveendpoints,i.e. U ����V�W .�XZY U ����V�W 6[X$Y]\ .
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where the T S are differential operatorsof order ^ wedefinean associatedenergy
functional

� 	_�`��� I �J�L�AM with� 	������ !PaQ S E S ��T S �������2�'&'(*�,+ (4)

A variationalsplineis a function ������� thatminimizes
� 	��`� subjectto thecondition

that ������� interpolatesa givenset 7 . of valuesat - . , i.e. ���%- . �O�b7 . . For this min-
imizationproblemto bewell-defined,theconstantsE S are required to bepositive.
Equation(4) is alsocalledanelliptic, self-adjointvariationalproblem.

Typically, thespaceof possiblesolutions� is restrictedto thosefunctionsfor which�
is well-defined.If c & �%:d� denotesthosefunctionsthataresquareintegrableover: , thenlet eNf`�%:d� denotethosefunctionsfor whomall derivativesof up to order^ arein c & �%:d� . By thisdefinition,

� 	_�`� is definedfor all �g�heNfi�%:d� . ThespaceseNf`�j:d� arethestandardSobolev spacesk f& �%:d� usedin finite elementanalysis(see
OdenandReddy[OR76] for moredetails).

Notethat in thedefinitionof theenergy functional(4) all differentialoperatorsT S
areof thesameorder ^ andsquared,i.e. the problemis elliptic andself-adjoint.
Elliptic, self-adjointvariationalproblemsarevery common.The Euler-Lagrange
equationsprovide a link betweenvariationalproblemsgivenin termsof anenergy
functional

�
anda partialdifferentialequation.For elliptic, self-adjointvariational

problemsthe correspondingpartial differentialequationsarelinearandthe mini-
mizersareuniqueandwell-defined[OR76].

If T=l is thehomogeneousdifferentialoperatorof order m*^TAl/� QnS E S ��T S �o&1�
thentheminimizing ������� for equation(4) satisfiestwo equationsT l ������� � p qr�8�s:]tu-v. ,���%-v.L� � 7�. qr�8�s-. . (5)

In theliterature,theupperpartialdifferentialequationis alsocalledthestrongform
of equation(4) andcanbederivedvia theEuler-Lagrangeequations.

Example2 Natural CubicSplinesareanelliptic, self-adjointvariationalproblem.
Givendomain:wC9; theassociatedinnerproductisI �J�LKNM8� !P � #�# �����)K #�# �����'(*�,+ (6)
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Thus,theenergy functional
�

is givenby� 	������ I �J�L�AM8� !P �r#x#j����� & (*�,+ (7)

According to equation(5), Natural CubicSplinessatisfythedifferentialequation�$#�#�#�#������8�9p for all �J�y:]tu- . (8)

for someknot vector - . �z� S (a commonchoice for - . are the integers from p
to { ). Thus,theNatural CubicSpline � is actuallya piecewisecubicpolynomial
function.Thebreaksbetweenthepolynomialpiecesoccurat theparametervalues
for theinterpolationconditions,� S .
The derivationsin this paperdo not makeany useof the knowledgeaboutthe
solutionto aparticularvariationalproblembeingpolynomial.In fact,thegoalwill
be to expressthe minimizersin termsof subdivision without ever relying on an
explicit basisfor thesolutionspace.

Simpleexamplesof elliptic, self-adjointvariationalproblemsin two dimensions
areHarmonicSplinesandPolyharmonicSplines,which aredefinedasthe mini-
mizersof |N�%} &~N� } &� ��(��(�� and |N�%} &~�~d� m*} &~��/� } &�'� ��(��(�� , respectively. Harmonic
Splineswill bediscussedfurtherin a latersectionof this paper.

1.3 AssociatedNestedSpaces

As the interpolationvalues7 . vary over a fixedknot set - . C�: , theminimizing
solutions ������� for anelliptic, self-adjointvariationalproblemform a linearspace� �j- . � .
Theorem3 Givenanelliptic, self-adjointvariationalproblem

�
andknotset - . C: for domain: , thespaceof minimizers� �j-.1���a����� � 	���� is minimal,and ���j-.L���97�. for some7�.L�

is linear.

Proof: Because
�

is elliptic andself-adjoint,minimizersof
�

haveto satisfyalinear
partialdifferentialequationasgivenby Euler-Lagrange.Now, becausedifferentia-
tion is a linearoperation,thesumof two minimizersaswell asascalarmultipleof
a minimizerareminimizersthemselves. �
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Example4 Givenfixedknotset - . ���[p��1�*��m������2��� and interpolationconditions7 3. � �[p���m���m������1�n� and 7 &. � ���*�1�[��p���p���m�� we can solvefor the corresponding
Natural CubicSplines� 3 ����� and � & ����� shownin thetop row of figure 1. Solvingfor
thesplinesatisfyingtheinterpolationcondition 7 3. � 7 &. �����*������m���������� yieldsthe
function � 3 ����� � � & ����� depictedin thebottomof figure1.
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Fig.1. Addingthesplinefunctionsfor two interpolationconditionsyieldsthesplinefor the
sumof theinterpolationconditions.

Theorem5 Let
� �%- . � and

� �%- 3 � be thespacesof minimizersof an elliptic, self-
adjoint variationalproblem

�
overknotsets- . and - 3 respectively. Then,- . C9- 38� � �%- . �JC � �%- 3 ��+

Proof: Given any ��������� � �j- . � consider ���������� � �%- 3 � with ��=�%- 3 �G�����j- 3 � .
Assuming

� 	����y� � 	���i� yields a contradictionto
� 	��`� being minimal because��=�%- . �i� ��=�%- . � and �� hassmallerenergy, i.e. ���� � �%- . � . Conversely, assuming� 	����8� � 	 ��i� contradicts

� 	 ��`� beingminimal because� itself interpolates���j- 3 � ,
i.e. �� �� � �%-$3)� . Therefore,

� 	_�`��� � 	 ��`� andthus �R� �� . �
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Fig. 2. Nestingof thesolutionspacesfor NaturalCubicSplines.

Example6 Solvingfor theNatural CubicSplineovertheknots-v./�R�[p��1�[��m������)���
satisfyingthe interpolationconditions 7�.y�¡�[p���m���m������1�5� yields the functionde-
pictedon the left of figure 2. Samplingthis functionat the refinedknot set - 3 ��[p�� 3& �1�[�*¢& ��m���£& �����¥¤& �2��� andsolvingfor thecorrespondingsplineyieldsthe identi-
cal function,depictedat theright of thefigure.
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1.4 AssociatedSubdivisionScheme

Thenestingof thefinerandfinersolutionspacesasdescribedby theorem5 implies
thatsolutionscanbelinked throughsubdivision.Thekey observationhereis thata
basisfor thecoarsespacecanbeexpressedin termsof thebasisfor thenext finer
space.Subdivisioncanbeseenasa changeof basisfrom a coarseto thenext finer
basis.

Theorem7 Let ¦ . ����� and ¦ 3 ����� be vectorsof basis functionsfor the solution
spaces

� �%- . � and
� �j- 3 � of elliptic, self-adjointvariationalproblem

�
respectively.

Then(in vectornotation)� �j- . �OC � �%- 3 � � ¦ . �������R¦ 3 �����)§ .
for somematrix § . , calleda subdivisionmatrix.

Proof: ¦ . is a basisfor
� �%- . � . As

� �%- . �NC � �%- 3 � , ¦ . C � �%- 3 � . As ¦ 3 is basis
for

� �%- 3 � , ¦ . canberepresentedin termsof this basis.A columnof § . contains
thecoefficientsfor thebasisfunctionsin ¦ 3 to representoneparticularfunctionin¦ . . �
Note that the proof of theorem7 did not requireany knowledgeaboutthenature
of thebases¦ S . In particularit is not necessaryfor thebasesto bepolynomialor
piecewisepolynomial.Any function ��������� � �j- . � canberepresentedin termsof
thebasis ¦ . ����� as ���������¨¦ . �����ª© . for somevectorof coefficients,© . . Dueto the
nestingof thespaces

� �j- . �NC � �%- 3 � , ������� canalsobeexpressedin termsof the
basis¦ 3 ����� for

� �%- 3 � , ���������R¦ 3 �����«© 3 + Because¦ . �����8�R¦ 3 �����)§ . it is possibleto
expressthecoefficients© 3 of ������� in termsof thecoefficients© . as

© 3 �R§ . © . +
The matrix § . is calleda subdivisionmatrix andnaturally links solutionsover a
coarseknotsetto solutionsover thenext finersetof knots.

Example8 ThecubicB-Splinebasis[dB72a,Boe80,Far88,HL93] is thebasisfor
Natural Cubic Splineswith minimal support.It has beenstudiedto a great ex-
tentandwassuccessfulin manyreal world applications.Thesubdivisionscheme
for uniformcubicB-Splinesis givenby thewell knownLane-Riesenfeldalgorithm

6



[LR80]. For example,

§ . � �¬
®®®®®®®®®®®®®®®¯
¬ p p p p� � p p p� ° � p pp � � p pp � ° � pp p � � pp p � ° �p p p � �p p p p ¬

±%²²²²²²²²²²²²²²²³
is thesubdivisionmatrixwhich mapsfivecontrol coefficientsof a uniformcubicB-
Splineinto ninefiner coefficients.Remainingsubdivisionmatriceshavea similar
structure: there are two specialcolumnsfor each boundaryof the grid and inte-
rior columnsof § > are all shiftsof thecolumn ��414141��p��1�[�)�´��°��)�´�µ�*��p��141414«� . Figure 3
showsan exampleapplicationof thissubdivisionscheme.

Fig. 3. Subdivisionfor NaturalCubicSplines.

Themaingoalof thispaperis thederivationof subdivisionschemeswhichproduce
solutionsfor elliptic, self-adjointvariationalproblems.A detaileddiscussionof the
mathematicalpropertiesof this approachhasbeendeferredto a technicalreport
[War98].

Methodsfor variationalsubdivision have beensuggestedearlierby Kobbeltet al.
[Kob96,KS97,KCVS98]. Thesesubdivisionschemesareinterpolating,i.e.thelimit
surfacesgothroughtheinitial controlpoints.They requireiterativesolvingfor new
controlcoefficientsin every roundof thesubdivisionprocess.Theschemesarenot
ashighly localizedasthesubdivisionschemespresentedin thispaper.

We feel thatourwork is alsosignificantlyrelatedto publicationsby Dyn [Dyn87],
[Dyn86]. Theauthorobservesthat the linearsystemsthatariseduringsurfacefit-
ting with radial basisfunctionsarenumericallyvery poorly conditionedandthat
preconditioningthesystemwith anappropriatedifferenceoperatoryieldsanumer-
ically muchmorestableproblem.In effect, this correspondsto a changeof basis
from radialbasisfunctionsto a morebell-shapedbasis.Thesubdivision schemes
presentedherereproducethesebell-shapedbasisfunctionsfor uniform knot se-
quences(section3).
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2 Finite ElementSolution

This sectionpresentsa derivationof solutionsfor elliptic, self-adjointvariational
problemsin termsof a finite elementprocess.

A finite elementmethodsystematicallybuilds betterand betterapproximations
to the true minimizer of a variationalproblemconsideringa nestedsequenceof
domaingrids -�> . Using a vector of basisfunctions ¶i>[����� , a spaceof functions·�¸v¹5º ��¶»>n�����2� is associatedwith every domaingrid -?> . In eachof thesespaces,the
finite elementmethodfinds a bestapproximation�¼>y� ·�¸v¹5º ��¶i>n�����)� to the true
minimizerof thevariationalproblem.

As weshallseelater, convergenceof the � > to thetrueminimizerof thevariational
problemcanbeguaranteedif thesequenceof domaingrids - > andthecorrespond-
ing finite elementbases¶ > ����� arechosencarefully. In fact,eventhecoefficients© >
convergeto thetrueminimizerof thevariationalproblemif thefinite elementbases
arechosenwell.

Givenadomaingrid -�> , solvingavariationalproblemwith finite elementsinvolves
threemajorsteps:½ Choosea finite elementbasis ¶i>5�����A���[� >S � anddefinefunctionsof level E as�¼>5�����/��¶i>5�����5©´> . Here ©´> denotesa vectorof coefficientsof level E , providing

onecoefficientperknot in thedomaingrid -�> .½ Measuretheenergy of �¼>1����� via
� 	_�¼>L�O�B©�¾>À¿ >�©´> where ¿ > turnsout to be a

symmetric,positivedefinitematrix.½ Determinethe ©�> suchthat �¼>n����� hasminimal energy
� 	��¼>����¡© ¾>Á¿ >´©´> and

satisfiestheinterpolationcondition �Â>n�j- . �8�97 . .
Thefollowing sectionsdiscussthesestepsin moredetail.

2.1 Finite ElementBasis

In termsof finite elements,a bestapproximationto thesolutionof thevariational
problemover the knot set -�> is definedusinga setof continuousbasisfunctions¶ > �����8�R�[� >S �����2� , providing onebasisfunctionperknot in - > .
Usingthesebasisfunctions,ourgoalis to determinea bestapproximation� > ����� to
thetrueminimizerof thevariationalproblem,givenby� > �������a¶ > �����«© > + (9)

Here©�> is a setof unknown coefficients.
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Obviously, for theenergy
� 	��¼>,�O� � 	�¶»>*�����«©�>�� in (4) to bewell defined,thebasis

functions ¶»>n����� shouldhave squareintegrablederivativesup to order ^ , i.e. they
shouldlie in thecorrespondingSobolev spaceeNf`�j:d� .
For reasonsof computationalstabilityandsimplicity thebasisfunctionsshouldbe
centeredover theknots,e.g.for level p the Ã -th basisfunctionshouldhave maxi-
mummagnitudeover theknot � S �y- . .
Convergenceof the sequenceof finite elementsolutions �¼>5����� to the true mini-
mizerof thevariationalproblemdependson two factors:First, theaspectratio of
thesimplicesin thedomaindiscretization-�> hasto beboundedby oneconstant7 .
Second,thefinite elementbasisfunctions ¶»> have to spansufficiently large,com-
pletespacesof polynomials.Moredetailto theconvergenceresultswill befilled in
later.

Example9 Due to the structure of the variational problemfor Natural Cubic
Splinesthe finite elementbasisfunctionshaveto havesquare integrable deriva-
tives up to order two. A possiblechoice for thesebasisfunctionsare quadratic
piecewiseBéziercurves.

At theboundariesof :Ä�b	Åp��)�*� , wedesirebasisfunctionsthathavelinear precision
and minimal support.Giventheseconstraints, we proposea piecewisequadratic
basiswith knotsat thehalf integers.Each of thefiverowsof numbersin figure4 are
theBernsteinbasiscoefficientsfor oneof thepiecewisequadratic basisfunctions.
(Dividebyeightto getthenormalizedcoefficients.)
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Fig. 4. Béziercontrolcoefficientsfor thefinite elementbasisfunctionsof level \ (top)and
finite elementbasisof level \ and Ì over the domain Í \�ÎÐÏ1Ñ (bottom).The basisfunctions
arepiecewisequadraticBéziercurvesandarecenteredover theknots.

For the original grid - . ���[p��1�*��m������2���uCÒ:¨��	Åp��)�*� , theBéziercontrol coeffi-
cientsfor thefinite elementbasis ¶/.µ����� are shownin the top of figure 4 together
with the resultingbasisfunctionsfor level p and � at the bottom.Finite element
basisfunctionsfor finer grids are derivedsimilarly usinga uniformlyrefinedknot
set.
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2.2 Energy Matrix andInnerProduct

Usingtherepresentation� > ����� from (9) of thelevel E solutionof thefinite element
process,the energy of © > can be assessedas

� 	�� > � . This can be expressedas a
quadraticform � 	��¼>,���u© ¾>�¿ >Ð©�>d+ (10)

where ¿ > is a symmetric,positive definitematrix called the energy matrix with
row and column indicescorrespondingto knots in -�> . Using the inner productI 4Ó�14xM associatedwith the variationalproblem(3) we get � ¿ >n� SÅÔ � I � >S ��������� >Ô �����)M .
The result of applying the energy matrix ¿ > to a setof coefficients ©´> is called
differences.

Example10 For Natural Cubic Splines,the inner product is given by (6). The
energy matrix ¿ . basedon thepiecewiseBézierfiniteelementbasisfunctionsfrom
aboveis

¿ . � ®®®®®¯ � t`m � p pt`m Õ td� � p� td� ° ti� �p � td� Õ t�mp p � t�m �
±%²²²²²³ +

Subsequentfiniteelementbases¶i>5����� canbederivedfromtheinitial basis¶ . ����� by
addingnew uniformbasisfunctionsto theinterior of : . Thecorrespondingenergy
matrices¿ > are uniformon theinterior of : andagreewith ¿ . on theboundaryof: . Notethat the ¿ > shouldbescaledby an extra factor of

¬ > to reflectthechange
in thegrid spacingon thesecondderivative( �1° > ) andtheintegral ( 3&'Ö ) in (1).

2.3 Minimizationwith InterpolatedValues

For
� 	�� > � to be minimal, the control points © > have to minimize © ¾ > ¿ > © > subject

to the interpolationconditions � > �%-v.1�G��7�. . In this section,we setup the linear
systemresultingfrom thisproblemandsolve for theunknown coefficients© > .
Due to the interpolationconstraints,©´> is not completelyunknown. Someof the
entriesin ©�> correspondto theknots - . with interpolationconditions7 . . In fact, ©´>
canbepartitionedinto a known part ©�×> andanunknown part ©´Ø> as© > �ÚÙ © ×>© Ø>�Û

10



where© ×> containscoefficientscenteredover theknots - . and© Ø> correspondsto the
knots -�>Otu- . .
Usingthis decompositionof ©�> , equation(10) canberestatedas� 	��¼>��*��© ¾>�¿ >'©´>�Ü�1©´×> ¾ ©�Ø> ¾ � Ù ¿ ×5×> ¿ ×µØ>¿ Ø5×> ¿ Ø5Ø>ÝÛ Ù ©�×>©�Ø>ÞÛ��© ×> ¾ ¿ ×5×> © ×> � mL© Ø> ¾ ¿ Ø5×> © ×> � © Ø> ¾ ¿ Ø5Ø> © Ø> + (11)

¿ ×5×> containsthoseentriesof ¿ > whichhaverow andcolumnindicescorresponding
to known grid values(knots in - . ), ¿ Ø5×> containsentriesof ¿ > which have row
indicesof unknown andcolumnindicesof known coefficients(row indicesof knots
in -?>Otu- . andcolumnindicesof knotsin - . ) andsoon.

Now, ©´×> ¾ ¿ ×n×> ©�×> is constant,mL©�Ø> ¾ ¿ Ø5×> ©´×> is linear, and ©´Ø> ¾ ¿ ØnØ> ©´Ø> is a quadratic
form in theunknowns ©�Ø> . Therefore,thederivative of (11) with respectto theun-
knowns ©�Ø> canbeexpressedas m ¿ Ø5Ø> ©�Ø> � m ¿ Ø5×> ©´×> andtheminimizerof (10) is the
solution©´Ø> to ¿ Ø5Ø> © Ø> � ¿ Ø5×> © ×> �9p�+ (12)

Usingblock matrixnotation,equation(12) canberewrittenas� ¿ Ø5Ø> ¿ Ø5×> � Ù ©´Ø>©´×>8Û �9p�+
IncorporatingtheinterpolationconstraintsyieldsÙ ¿ Ø5Ø> ¿ Ø5×>ß Ø> ß ×>�Û Ù ©�Ø>©�×>�Û � Ù pà Û 7 . � (13)

where � ß Ø> ß ×> � is theinterpolationmatrixof level E for thefinite elementbasischo-

sen,i.e. � ß Ø> ß ×> �8Ù ©�Ø>©�×> Û yields thevalue �Â>n�j-�>1� of thefinite elementrepresentation�¼>5�������R¶i>5�����ª©´> over theknots -?> . à denotestheidentitymatrixon - . .
From the finite elementliterature[Sha95] we know that the convergenceof the
interpolatingfinite elementsolution(13) is governedby two factors:Thespaceof
polynomialsspannedby the finite elementbasisusedandthe aspectratio of the
finite elements.For moredetailsthe interestedreaderis referredto Chapter3 of
[Sha95].
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Theorem11 If thefinite elementbasisfunctionsusedfor theconstructionof the
energymatrix ¿ > in (10)spanthespaceof polynomialsof degree á andif theaspect
ratio of thefiniteelementsat anylevel is boundedbya constant7 , thenthesolutionsÙ © Ø>© ×>ÞÛ to (13)convergeat rate â=�%7�ã´ä D 3 � where ã denotesthegrid spacing.

Proof: SeeTheorem3.1,p. 77 in [Sha95]. �
Example12 Thefiniteelementbasisfunctionsfor Natural CubicSplinesarepiece-
wisequadratic polynomials,thus áå�æm in theorem11. If theknotsets -?> are de-
rivedusinguniformrefinementof theoriginal knots - . , thentheaspectratio of the
finite elementsis oneat anylevel, i.e. 7Á�g� in theorem11.Thus,theinterpolating
finiteelementprocess(13) for Natural CubicSplinesconvergesat rate â=�jã ¢ � .
In this case,the interpolationmatrix

ß
hasinterior rowsthat are translatesof the

sequence3ç ��414141��p��1�*��°��1�[��p��14µ414�� . Asanexample,thesystem(13) for thegrid - 3 ��[p�� 3& �1�[� ¢ & ��m�� £& ����� ¤& �2��� hastheformèééééééééééééê
ë Ì \ \ ì8í ì�Ï \ \ \Ì î Ì \ \ ì�Ï ì�Ï \ \\ Ì î Ì \ \ ì�Ï ì�Ï \\ \ Ì ë \ \ \ ì�Ï ì8í\ \ \ \ Ì \ \ \ \3ç 3ç \ \ \ ¢ï \ \ \\ 3ç 3ç \ \ \ ¢ï \ \\ \ 3ç 3ç \ \ \ ¢ï \\ \ \ \ \ \ \ \ Ì
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Figure 5 depictsthebasisfunctionsfor Natural CubicSplinesresultingfromthis
solutionprocess.They are thesolutionsto theabovesystemwhere interpolationis
enforcedovertheknots - . ���[p��µ�*��m������)��� andtheinterpolationconditions7 . are
a unit vectorsof theform �jp��1414µ4n��p��1�[��p��14µ4145��p�� .

1 2 3 4

0.2

0.4

0.6

0.8

1

Fig. 5. Interpolatingbasisfor naturalcubic splinesasyieldedby the interpolatingfinite
elementprocess.

ThepiecewiseBézierrepresentations� > ����� converge to a minimizerof thevaria-
tional problemby theorem11.Furthermore, thecoefficientvectors© > convergeto
thefunctions� > ����� according to De Boor [dB72b] pp.154.Asa result,thecoeffi-
cientvectors© > themselvesconverge to a minimizerof thevariational problemasEùF H .
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2.4 Minimizationwith InterpolatedDifferences

This sectionappliesa changeof basisto the just introducedinterpolatingfinite
elementprocess.Usinga re-formulationof (13) to anapproximatingsolution,we
conciselycharacterizesubdivisionschemesthatconvergeto minimizersof elliptic,
self-adjointvariationalproblems.

Thesecondrow of thesystem(13) determines©´> suchthat �¼>n�����O�R¶i>[�����«©�> inter-
polates7 . over - . . Unfortunately, in many casesthis interpolationleadsto undesir-
ablepropertiesof thesolution ©´> . For example,changingjust oneof theentriesin7 . for NaturalCubicSplinesresultsin a globalchangein thesolution.Thissection
presentsanew schemewhich leadsto solutionswith muchnicerproperties.

To this effect,we applya changeof basistransformationto theinterpolatingfinite
elementproblem(13): The interpolationconditionsarereplacedby constraintson
theenergy of thesolution.Equation(13) canberephrasedasÙ ¿ Ø5Ø> ¿ Øn×>¿ ×1Ø> ¿ ×n×>ÝÛ Ù © Ø>©�×>úÛ � Ù p¿ . Û © . � (14)

where© . is someinitial setof controlpointscenteredover theinitial knots - . . Note
that (14) forcesthe ©�> to be chosensuchthat thosedifferencesin ¿ >2©´> centered
over theknots - . arethesameastheoriginal differencesat theseknots,i.e. ¿ . © . .
All remainingentriesin ¿ >Ð©�> mustbezero.

To seethattheinterpolatingandapproximatingfinite elementprocessesarerelated
by a changeof basis,we first have to exposetherespective bases.To this end,the
interpolatingsystem(13) is expressedasÙ ¿ Ø5Ø> ¿ Øn×>ß Ø> ß ×>BÛGû > � Ù pà Û � (15)

where û > is a solutionmatrixwhosecolumnscontainthecoefficientsof the inter-
polatingcardinal basisfunctions ¶i>5����� û > of level E . Similarly, theapproximating
finite elementprocess(14) is rewrittenasa matrixproblemÙ ¿ Ø5Ø> ¿ Øn×>¿ ×1Ø> ¿ ×n×>ÝÛ ¦N>d� Ù p¿ . Û � (16)

wherethe columnsof the solution ¦Á> containthe coefficientsof approximating
basisfunctions ¶i>n�����)¦N> for the problem.The following theoremshows that the
columnsof ¦N> arelinearcombinationsof columnsof û > .
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Theorem13 Thecardinal basisû > andtheapproximatingbasis ¦Á> arerelatedby
a changeof basis,i.e. ¦N>`� û >5üs>
for somematrix üs> .
Proof: Recallthat û > wasdefinedasa solutionto (15), i.e.Ù ¿ ØnØ> ¿ Ø5×>ß Ø> ß ×>�ÛGû >d� Ù pà Û �
while ¦N> wasdefinedasa solutionto (16), i.e.Ù ¿ Ø5Ø> ¿ Ø5×>¿ ×1Ø> ¿ ×5×> Û ¦Á>d� Ù p¿ . Û +
Accordingto the first row of (15), � ¿ Ø5Ø> ¿ Øn×> � û >ý��p , the columnsof û > lie
in thenullspaceof � ¿ Ø5Ø> ¿ Ø5×> � . In fact, û > spansthenullspaceof � ¿ ØnØ> ¿ Ø5×> �
becauseÙ ¿ Ø5Ø> ¿ Øn×>ß Ø> ß ×>�Û is invertible andbecausethe columnsof Ù pà Û arelinear

independent.

However, by thefirst row of (16), � ¿ Ø5Ø> ¿ Ø5×> ��¦N>A�Bp , thecolumnsof ¦N> lie in
the nullspaceof � ¿ Ø5Ø> ¿ Øn×> � aswell. Therefore,the columnsof ¦Á> canbe ex-
pressedasa linearcombinationof thecolumnsof û > . Thechangeof basismatrixüs> containstheweightsfor expressingcolumnsof ¦N> in termsof a linearcombi-
nationof thecolumnsof û > . �
The û > convergeto a basisfor thespaceof minimizersfor thevariationalproblem
dueto theorem11. By theorem13, thecolumnsof ¦Á> canbeexpressedaslinear
combinationsof thecolumnsof û > . Finally, by theorem3, thespaceof minimizers
of thevariationalproblemis linear. Thus,if the ¦ > converge,thenthey convergeto
minimizersof thevariationalproblemaswell.

At this point, establishingconvergenceof ¦ > canbe reducedto showing conver-
genceof the changeof basismatricesü > — which is well beyond the scopeof
thispaper. We ratherderivesubdivisionschemesfor theapproximatingbasisfunc-
tions ¦ > . If necessary, convergenceof thesubdivisionschemecanbeshown using
standardtechniques[Rei95,Zor98].Onceconvergenceof the subdivision scheme
is establishedwe thusknow by thecombinationof theorems3, 11,and13 thatthe
schemehasto convergeto minimizersof thevariationalproblem.
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Revertingtheblockdecomposition,(14)canbeexpressedmoreconciselyasÙ ¿ Ø5Ø> ¿ Ø5×>¿ ×1Ø> ¿ ×5×>ÝÛ Ù ©�Ø>©�×>ÞÛ � ¿ >)©´>d� Ù p¿ . Û © . (17)

The right-handsideof (17) canbe expressedmoreconciselyusingthe notionof
anupsamplingmatrix þ >�ÿ 3 which replicatescoefficientsassociatedwith knotsin- >�ÿ 3 to thenext finer grid - > andforceszerocoefficientsat theknots - > t�- >�ÿ 3 .
Now (14) canberestatedas¿ >'©´>`�Rþ�>�ÿ 3 þ�>�ÿ & 4µ414Lþ . ¿ . © . + (18)

Again, equation(18) statesthat the ©�> arechosensuchthat ¿ >)©�> reproducesthe
differences¿ . © . over theoriginal knots - . andforceszerodifferencesat all knots
in - > tu-. .
Example14 Theupsamplingmatrix þZ. which carries coefficientsover knot set-.`�g�[p��1�[��m������)��� to coefficientsovertheknotset -Â3/�B�[p�� 3& �1�[�*¢& ��m��¥£& �����¥¤& �2��� is
givenby

þ¼.d�
®®®®®®®®®®®®®®®¯
� p p p pp p p p pp � p p pp p p p pp p � p pp p p p pp p p � pp p p p pp p p p �

± ²²²²²²²²²²²²²²²³
+

Thematrixmultiplication � 3 �wþ . � . for some� . of sizeÕ yieldsa coefficientvector� 3 of size � . � 3 containsthe valuesfrom � . for the knots - . , and value p for all
remainingknots.

Two suchconditions(18) for levels E and E � � canbeassembledas¿ >'©´>���þ�>�ÿ 3 414141þ . ¿ . © .¿ >2D 3 ©´>2D 3 ��þ�>�414141þ . ¿ . © . +
Combiningthemyields ¿ >)D 3 ©´>2D 3 �¡þ�> ¿ >'©´> . Finally, applyingthe definition of
thesubdivisionmatrix, ©�>)D 3 �R§?>'©´> , yieldsthefundamentalrelationship¿ >)D 3 §?>d�Rþ�> ¿ >5+ (19)
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Notethatequation(19)allowsusto expressthesolutionto thevariationalproblem
asa subdivisionschemedefinedby thesubdivisionmatrices§?> .
Thebehavior of theassociatedsubdivisionschemeis clear. §?> placesthenew con-
trol points ©´>)D 3 so asto replicatethe differences¿ >)©�> over the old knots -?> and
forcesdifferencesat thenew knots -�>)D 3 tu-?> to bezero.

Example15 We can usethe piecewise quadratic Béziercurvesdescribedin ex-
ample9 as the finite elementbasis ¶ 3 ����� in our derivation of the energy ma-
trix ¿ 3 for (7). Consequently, ¿ 3 has rows that are multiplesof the sequence��414141��p��1�[�1td����°��1ti�´�1�[��p��µ41414�� . Applyingthis maskto § . fromtheLane-Riesenfeld
algorithm (Example8) yieldsthe matrix ¿ 3 § . whoserowsalternatebetweenall
zeroesandrowsthat are multiplesof ��414141��p��v�[�ti�´��°��vti�´�v�*��p��v41414�� . Hence,the
actionof § . is to positionthenew control points © 3 �¨§ . © . such that ¿ 3 © 3 repli-
catesthedifferencesof theoriginal differences¿ . © . at theknotsof - . andforces
zero differencesat new knotsin - 3 tÜ- . . Figure 6 illustratesthis idea.

1 2 3 4

2

3

4

5

coefficients with replicated differences�
coefficients with zero differences�

Fig. 6. Coefficientsshadedby differencetype.

Note that the resultingsubdivision schemeis not necessarilyinterpolating.To in-
sureinterpolation,the initial control points © . mustbe chosensuchthat the limit
interpolatesthedesiredvaluesover - . .
Example16 For Natural CubicSplines,thecolumnsof ¿ >2D 3 are not linearly in-
dependentandequation(19) doesnot uniquelydetermine§ > . However, enforcing
minimalsupportof § > yieldsa uniquesolution.

Byequation(19), thesubdivisionmatrix § . satisfiestheequation¿ 3 § . �Rþ . ¿ . ,
ç
®®®®®®®®¯ 3

ÿ & 3 . . . . . .ÿ & £ ÿ ï 3 . . . . .3 ÿ ï � ÿ ï 3 . . . .. 3 ÿ ï � ÿ ï 3 . . .. . 3 ÿ ï � ÿ ï 3 . .. . . 3 ÿ ï � ÿ ï 3 .. . . . 3 ÿ ï � ÿ ï 3. . . . . 3 ÿ ï £ ÿ &. . . . . . 3 ÿ & 3
± ²²²²²²²²³ �����

®®®®®®®®¯ 3
ÿ & 3 . .. . . . .ÿ & £ ÿ ï 3 .. . . . .3 ÿ ï � ÿ ï 3. . . . .. 3 ÿ ï £ ÿ &. . . . .. . 3 ÿ & 3

± ²²²²²²²²³ �
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Fromthischaracterizationit becomesclearthatanysolutionfor theNatural Cubic
Splinevariational problemhas to satisfy the “natural” boundaryconditionsof
having secondderivativezero at both endpoints:The first and last row in both
energy matricesabovemeasure the seconddifferencenext to the endpointof the
spline. However, thesedifferencesscaleby a factorof 3ç betweentheleft andright-
handsideof theequation.Thus,as E�F H , this differenceconvergesto zero.

Since ¿ 3 is not invertible, §v. is not uniquelydetermined.Ideally, we would like
subdivisionrulesthatagreewith thosefor cubicB-Splineson theinterior of : and
are local on theboundaryof : . Luckily, such an § . existsandhastheform:

	 .JY Ì
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Theserulesagreewith therulesfor uniformcubicsubdivisionon theinterior of :
andare local at theboundaryof : . Subsequentsubdivisionmatrices § > havethe
samestructure.

Remarkably, theresultingsplinesarepiecewisecubicfunctions,evenat thebound-
ary of : . Thesesubdivisionrules for theendpointsof a cubicB-Splinewere pro-
posedpreviouslybyDeRoseet al. in [HDD D 94]. However, theauthorsderivedthe
rulesin an adhocmannerandfailed to recognizetheir interestingproperties.

3 Variational SplinesOver Uniform Knot Sequences

In thissection,weexaminetwo variationalproblemsover thesimplesttypeof knot
sequences,uniformknots.If thedomain: is ;N< , thentheseuniformknotsequences-�> aredilatesof theintegergrid �d< , -�>/� �m > � < +
In thefirst example,wederive thesubdivisionrulesfor B-Splinesfrom theircorre-
spondingvariationalproblem.In thesecondexample,we derive subdivision rules
for splinesthat satisfythe harmonicequation,alsoknown asLaplace’s equation.
Throughoutthis sectionwe will usegeneratingfunctionsasa convenientandcon-
cisewayor representingsequencesof coefficients.Thereaderunfamiliarwith gen-
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eratingfunctionsis referredto Dyn [Dyn92] whichdiscussestheirusefor subdivi-
sionin greatdepth.

3.1 B-Splines

TheuniformB-Splinesof order m*^ aredefinedover therealline ; (thedomain: )
andminimizetheenergy functional

�
, asdefinedin (4), whoseassociateddifferen-

tial operatorT is of order ^ , i.e. T�� � f� � f +
We next derive the subdivision rules for theseB-Splinesusinga variationalap-
proach.

We choosethe finite elementbasisfunctions ¶i>*����� to be uniform B-Splinesof
degree ^ (i.e. order ^ � � ). For even ^ , thesebasisfunctionsarethentranslated
by afactorof m ÿ�>�ÿ 3 to centerthebasisfunctionsover theknots -�> suchthatexactly
oneof thebasisfunctionshasmaximalmagnitudeover any knot.

Applicationof the ^ th derivative operatorT to theB-splinefinite elementrepre-
sentation�¼>n�����ú�a¶i>n�����«©´> yields TG�Â>*�����8�9Tw�'¶i>5�����«©�> � . Becausethe ^ th deriva-
tiveof adegreê B-splinecanbewrittenasadegreêht=^ , i.e.piecewiseconstant
B-spline,we get TG¶i>*�����d��=> �¶»>n����� where => is a matrix of discretedifferences
and �¶i>5����� are the piecewise constantB-splinebasisfunctionsover the knots -?>
[Far88].

In the uniform case,all of the matrices=> have rows thatareall shifts andmul-
tiples of a singlefundamentalsequence.The coefficientsof this sequencecanbe
convenientlycapturedby thegeneratingfunction (´����� where(´�����8�B�)�it���� f +
Becausethe inner product | �� S > ����� �� Ô > ����� of the Ã th and � th piecewise constantB-
splinebasisfunction in �¶i>5����� is oneif ÃG��� andzerootherwise,the energy of�¼>5����� , � 	��Â>�� is given by © ¾ >  ¾> =>)©´> . Accordingly, the rows of the corresponding
energy matrices ¾> => areall shiftsandmultiplesof asinglefundamentalsequence� ����� givenby

� �����8�0(´� �� �'(´������+
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Theusefulnessof expressing� ����� in termsof a generatingfunctionis thatthecor-
respondingsubdivisionmatricescanalsobeexpressedin termsof generatingfunc-
tions.

In theuniformcase,thecolumnsof thesubdivisionmatrices§?> canbechosento be
shiftsof asinglesequence.Thegeneratingfunction ������� for thissequenceencodes
thecoefficientsof §?> asfollows: the Ã�� th entryof §?> is � S ÿ & Ô . Rewriting equation
(19) in termsof generatingfunctionsyieldsm & f � �����o���������9m � ��� & ��+ (20)

� ��� & � reflectsthe actionof the upsamplingmatricesþ�> on ¿ > . The factor of m & f
reflectstheeffectof halvingtheknotspacingon T . Thefactorof m of theright-hand
sidereflectstheeffectof halvingtheknotspacingon theintegral.

Recallingthat (´�����8�R�2�dt���� f , then

� �������B�)�/t �� � f �2�dt���� f
Since �dt�� divides �/t�� & , � ����� mustdivide � ��� & � . Therefore,�������ú� �)� � ��� & fm & f8ÿ 3 � f
by equation(20). This generatingfunctionencodesthe subdivision rulesfor a B-
Splineof order m*^ (degreem*^¨t0� ) [LR80]. For example,thegeneratingfunction������� for uniformcubicB-Splinesubdivision is�)� � ��� ï¬ � & � �¬�� ��� ÿ & � ��� ÿ 3 � ° � ��� 3 � ����& �i+
3.2 HarmonicSplines

Let thedomain: betherealplane,; & . Considertheenergy functional� 	������ !P � �� ��3 �������2� & � � �� � & �������)� & (*�
where�O�a��� 3 �)� & � . TheEulerLagrangeTheoremyieldstheharmonicequation:� &� � & 3 ������� � � &� � && �������¼�9p�+
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Fig. 7. A piecewiselinearfinite elementbasis.

We refer to the functionsthat satisfy this equationasharmonicsplines.We next
derivea setof subdivisionrulesfor harmonicsplinesover uniformgrids.

Theknotsets-�> partition : into asquaregrid. If eachsquareis split into two trian-
gles,thepiecewise linearhat functionsfor this grid form a suitablefinite element
basis¶»>n����� (seefigure7).Therearetwo waysto split thesquaregrid into triangles.
However, theresultingenergy matricesareindependentof theactualsplit chosen.

As before,the rows of the energy matrices¿ > areall multiplesandshifts (in the
two-dimensionalgrid) of a fundamentalsequence� ����� . If (�31����� and ( & ����� arethe
discreteanalogsof ## #%$ and ## #'& , then(�3,�����i���)�it��*3)�( & �����i���)�it�� & �
where���B��� 3 �(� & � . Theenergy mask � ����� satisfies

� �������9( 3 �����'( 3 � �� � � ( & �����o( & � �� ��+
Plottingthecoefficients � SÅÔ of � ����� at �jÃ)���´�8� ��t=�*��p��1�n� & yieldsthetwo-dimensio-
nalenergy mask t=�t=�Ý� t=�t=�
Thegeneratingfunction ������� for theassociatedsubdivisionschemesatisfiesagen-
eralizationof equation(20) m*& f � �����'���������9m < � ����&���+
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Thefactorof m < reflectstheeffectof halvingtheknot spacingon theintegral in
�

.
In thecaseof harmonicsplines,̂ ��� and (å�am sothesubdivision mask ������� is
simply )�*,+ &.-)�*,+ - For B-Splines,� ����� exactlydivided � ��� & � andtheresultingsubdivision
ruleswerefinite. For harmonicsplines,� ����� doesnot exactly divide � ��� & � . Fortu-
nately, ������� stills existsasabi-infinite powerseries.To generatethisseries,weuse
the expansionof )�*,+ & -)/*0+ - asa bi-infinite power seriesin the neighborhoodof � ���
(i.e. theLaurentexpansion).

At first glance,this expansionmayappearto be ill-definedsince � �)�n����p . How-
ever, as we next show, ������� is well-definedin the neighborhoodof �0� � . The
behavior of ������� at �ý��� is equivalentto thatof ���2�Nt ���� at ��ý��p . Substituting�/t �� into � ����� yields

� �2�/t ����/� 1+ & $3 ÿ 1+ $ � 1+ &&3 ÿ 1+ &� 1+ & $ D 1+ && D32 * 1+�4 -* 3 ÿ 1+ $ - * 3 ÿ 1+ & -
Substitutingthis expansionanda similar expansionfor � �2�)�`t ���� & � into equation
(20)yields ���2�/t ����ú� � �� &3 � � �� && � â=� �� ¢ ��� &3 � �� && � â=� �� ¢ � +
In this form, two importantpropertiesof ���)��t ���� becomeclear. First, ���2�`t ���� is
convergentat �� �æp . Second,���2�`t ���� is definedfor someopenneighborhoodof�� �9p since �� &3 � �� && vanishesonly at ����9p .
Figure8 givesa two-dimensionalplot of asubsetof thebi-infinite coefficientmask
encodedby ������� . Notethatthesecoefficientsdecayvery rapidlyas � ���´F H . Due
to thisfastdecay, theexactsubdivisionmatrix § canbeapproximatedto ahighpre-
cisionby asparsesubdivisionmatrix �§ . Section4.1discussesasystematicmethod
for constructingsuchanapproximation.

.... � .'. & . � .'. & . � .'. & ÿ . � .'. & ÿ . � .�3'3 ÿ . � .Ð. & . � .'. & . � .'. & . � .Ð. &. � .'. & . � .'. £ . � .'. ¤ . � .Ð. & ÿ . � . ¢ ï . � .'. & . � .'. ¤ . � .'. £ . � .Ð. &. � .'. & . � .'. ¤ . � . & 3 . � . ¢2£ ÿ . � 3 & ç . � . ¢)£ . � . & 3 . � .'. ¤ . � .Ð. &ÿ . � .Ð. & . � .'. & . � . ¢2£ . � & ï'ï . � ï £ ï . � & ïÐï . � . ¢2£ . � .'. & ÿ . � .'. &56575 ÿ . � .�3'3 ÿ . � . ¢ ï ÿ . � 3 & ç . � ï £ ï 3 � ï £ ï . � ï £ ï ÿ . � 3 & ç ÿ . � . ¢ ï ÿ . � .�3'3 575%5ÿ . � .Ð. & . � .'. & . � . ¢2£ . � & ï'ï . � ï £ ï . � & ïÐï . � . ¢2£ . � .'. & ÿ . � .'. &. � .'. & . � .'. ¤ . � . & 3 . � . ¢2£ ÿ . � 3 & ç . � . ¢)£ . � . & 3 . � .'. ¤ . � .Ð. &. � .'. & . � .'. £ . � .'. ¤ . � .Ð. & ÿ . � . ¢ ï . � .'. & . � .'. ¤ . � .'. £ . � .Ð. &. � .'. & . � .'. & . � .'. & ÿ . � .'. & ÿ . � .�3'3 ÿ . � .Ð. & . � .'. & . � .'. & . � .Ð. &...

Fig. 8. Plot of thecoefficientsof 8 V%9 X for harmonicsplines.
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An applicationof thissubdivisionschemeisshown in figure9.Startingin theupper
left we depictin clockwiseorderthecontrolgrid after p , � , m , and � applicationsof
thesubdivisionmatrix § .
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Fig. 9. Exampleapplicationof thesubdivisionschemefor harmonicsplines.

Again, by theorem11 the interpolatingfinite elementsolver for harmonicsplines
convergesto the trueminimizerof the variationalproblembecausethe piecewise
linearfinite elementfunctionscompletelyspanthelinearpolynomialsandbecause
theaspectratio of thetwo dimensionalelements(domaintriangles)is boundedby
aconstantatany level. As before,asimplechangeof basislinks theapproximating
subdivision schemeandtheinterpolatingfinite elementsolver. Thus,theapproxi-
matingsubdivisionscheme������� for harmonicsplinesalsoconvergesto minimizers
of thevariationalproblem.In fact,becausetheunderlyingfinite elementbasiswere
piecewise linear hat functions,the coefficients themselvesconverge to the mini-
mizerof thevariationalproblem.

As aquick sidenote,if we let

: � � &� � & 3 � � &� � && �
then

: �������¼�9p is theharmonic(or Laplace’s) equation.
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4 SubdivisionSchemesfor BoundedKnot Sequences

In this section,we considera situationof practicalimportance.How do theseuni-
form subdivisionschemesbehave if thedomain: is bounded?As weshallsee,the
resultingsubdivision schemeshave rulesthat vary dependingon their relationto
theboundaryof : . However, theresultingrulesarestill independentof thelevel of
subdivision.

4.1 HarmonicSplines

Weconsiderthevariationalproblemof harmonicsplines.In thiscase,weboundthe
domain : to be the square	�p��)�[� & . Our approachto this problemconsistsof three
steps:½ Choosea sequenceof finite elementbases¶i>*����� and derive a corresponding

sequenceof energy matrices¿ > .½ Given theseenergy matrices ¿ > , derive exact, globally supportedsubdivision
rules §?> satisfying ¿ >2D 3 §?>d�aþ�> ¿ >*+½ Approximatetheseexact subdivision rulesof §?> by a finite setof locally sup-
portedsubdivisionrules �§?> .

We next describeeachof thesesteps.

4.1.1 Finite ElementBasesandEnergy Matrices

Figure7 depictedthecanonicalfinite elementfor harmonicsplineswhoseinteger
translatesform a basisfor thesolutionspace.Restrictingthesupportof theseele-
mentsto : yield thedesiredsetof bases¶i>5����� . Notethatthereareonly threetypes
of elements;interiorelements,boundaryelementsandcornerelements.

Thecorrespondingenergy matrices¿ > have a similar structure.¿ > containsonly
threetypesof rows;interiorrows,edgerowsandcornerrows.Eachtypeof row has
a singlecanonicalmaskassociatedwith it. Figure10 illustratesthis propertyfor¿ . .
4.1.2 ConstructingtheExactSubdivisionRules

Sincethe energy matrices¿ > arenot invertible, equation(19) doesnot uniquely
determineanassociatedsubdivision scheme.In particular, equation(19) doesnot
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difference mask location

corner mask boundary mask interior mask

32 3 23

32 3 23

32 3 23

21 2 12

21 2 12

2 3

-1

2 -1

1

5

-1

4

-1

-2 -2

-2

8

-2

-2

Fig. 10.Rowsof energy matricesfor boundedharmonicsplines

specifytheactionof thesubdivisionschemeon theconstantfunctionone.

To thispurpose,let üs> denoteintegralsof thebasisfunctions ¶i>5����� ,üs>d� !P ¶i>*�����'(*�,+
For example,the entriesof ü . are either � , 3& , or 3ï dependingon whetherthe
correspondingbasisfunction lies in the interior, on a boundary, or at a cornerof: . By thelinearityof integration, üs>)©�> is exactly theintegralof �¼>5�����8�u©´>1¶i>*����� .
If we addthe restrictionthat the subdivision schemepreserve the integralsof the
finite elementapproximations,thenüs>2D 3 ©´>2D 3 �Rüs>2D 3 §?>)©�>d�Rüs>)©�>n+
Sincethis conditionholdsfor all ©�> , §?> satisfiesüs>2D 3 §?>d�Rüs>5+
With this addedequation,§ > is uniquelydetermined.If the ¶ > ����� form a partition
of unity, then §?> hasconstantprecision.

Theresultingsubdivisionmatrices§?> have two interestingproperties.½ Thesubdivision rulescomprising§?> have a very localizedinfluence.Thevalue
of a coefficienton -�>)D 3 dependsmainlyona few nearbycoefficientsin -�> . This
propertyfollowsdirectly from thefact thatthe §?> arederivedfrom a variational
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problem.Non-localinfluencewouldbeinconsistentwith alow “energy” solution
to thevariationalproblem.½ Thesubdivision matrices§?> areconverging to a singlesubdivision matrix § in
theneighborhoodof a cornerof : . This propertyis dueto thefact thattheknot
grids -�> arelocally dilatesof eachotheratthecornersof : . Asaresult,theeffect
of §?> canbeapproximatedby a setof rulesthatareindependentof E .

4.1.3 Finite Approximationof theExactSubdivisionRules

Basedonthesetwoobservations,wesuggestapproximatingtheseexactsubdivision
rulesby a finite collectionof compactlysupportedsubdivision rules.In particular,
weproposeusing10distincttypesof subdivisionrules;threerulesat thecornersof: , four rulesalongtheboundariesof : andthreerulesfor theinteriorof : . Figure
11 illustrateslocationof these10rulesona fiveby fivegrid of knots.

To computetheserules,wetreatthemasunknownswith thesamesupportasthose
for a bi-cubicB-Splineanddenotetheresultingsubdivisionmatrices �§?> . Our goal
is to computevaluesfor theunknown entriesof �§?> suchthat¿ >2D 3 �§?><;aþ�> ¿ >5+
Moreprecisely, wewish minimizetheexpression

=?> º1� Ö @ ¿ >2D 3 �§ > t�þ > ¿ > @BA + (21)

Recallthat the infinity normof a matrix is themaximumover all rowsof thesum
of absolutevaluesof theentriesin a givenrow. Dueto therepetitionof difference
rulesin ¿ > andthe useof only �1p distinct subdivision rulesin �§?> , thereareonly
15 distinct rowssumsin ¿ >2D 3 �§?>/t0þ�> ¿ > for anychoiceof E . Threedistinctrows
sumsarisefrom theunknown interior rulesfor �§?> . 7 and5 distinctrowssumsarise
from thespecialboundaryandcornerrulesof �§?> .
Themostimportantconsequencesof this observationis that theminimizerfor ex-
pression21isalsoindependentof E . SettingE��0p , expression21canbeminimized
using linear programming.Figure 11 gives the suggestedvaluesfor theserules.
Theseruleshavealsobeenadditionallyconstrainedto haveconstantprecision.The
resultis asubdivisionschemethatapproximatesthesolutionto theharmonicequa-
tion.

Theupperportionof figure12 is an initial five by five grid of controlpoints.The
lower left portionof thefigure is a 17 by 17 grid producedby applyingtheexact
subdivisionschemefor harmonicsplinesto this initial grid. Thissurfacewascom-
putedvia matrix inversion.The lower right portion is the17 by 17 grid produced
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Fig. 11.Finite subdivisionrulesfor boundedharmonicsplines

26



exact solution sparse approximation

control mesh

Fig. 12.An exampleof subdivisionfor boundedharmonicsplines

by applyingthe local rulesof figure11. For thosewho wish, a Mathematicaim-
plementationof thesecomputationsfor harmonicsplinesis availableasa technical
report[WW97].

5 Conclusionsand Futur e work

Weshowedthatanimportantclassof variationalproblemshasa fundamentalnest-
ing propertyof therelatedsolutionspaces.Modifying thetraditionalfinite element
solutionprocessto utilize interpolationof energy valuesinsteadof functionvalues,
we wereableto derivea concisecharacterizationof subdivision schemesthatcap-
ture this nestingto expressfiner andfiner solutionsto thesevariationalproblems.
While the exact solutionin many casesrequiresa globally supportedsubdivision
scheme,a locally supportedandstationaryschemecanbeusedto approximatethe
solutionto a highdegreeof accuracy.

Theresultsof this paperleadto a varietyof interestingproblems.Hereareseveral
possibilitiesfor futurework identifiedby theauthors.
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5.1 Interpolationwith ApproximatingSubdivisionSchemes

Thesubdivisionschemesderivedaccordingto themethodologypresentedhereare
approximating,i.e. the limit objectsdo not go throughtheoriginal, coarsestcon-
trol points.Instead,givena setof interpolationconditions7 . anappropriatesetof
initial control points © . hasto be determinedfirst suchthat the limit interpolates7�. . For stationarysubdivision schemesthis problemcanbesolvedvery efficiently
usinganinterpolationmatrix.Thismatrix containssamplesof theunderlyingsub-
division basisfunctionsat the knotsof the coarsestgrid andcanbe derived from
thesubdivisionmatrix in a straightforwardsolutionprocess.

5.2 Localityof theSubdivisionSchemes

In finite elementanalysis,theenergy matrices¿ > dependontheinitial choiceof the
finite elementbases¶i>5����� . Dif ferentsequencesof basesleadto differentsequences
of energy matrices.Accordingto ouranalysis,theenergy matricesdetermineasub-
divisionschemefor thespaceof minimizers.Dif ferentsetof energy matricesleads
to differentsubdivisionschemefor thesamespaceof minimizers.Thefundamental
problemhereis determiningthesetof energy matricesthatmaximizethe“locality”
of thecorrespondingsubdivisionscheme.

5.3 Multi-ResolutionMethodsfor Variational Problems

Variationalsubdivision andmulti-resolutionanalysisare intrinsically linked. We
intendto explore this ideain termsof determininga “natural” waveletbasisasso-
ciatedwith thesubdivisionscheme.Anotherinterestingprobleminvolvesapplying
multi-grid correctionsto the local rulesusedin approximatingthe globally sup-
ported,exactsubdivisionschemes.Theusercouldapplythelocalsubdivisionrules
asdesiredwith theoptionof applyinga multi-grid correctionwhennecessary.

5.4 SubdivisionSchemesfor ThinPlateSplines

We have purposefullyleft the most interestingvariationalproblem,that of Thin
PlateSplines,to anotherpaper. Thefinite elementbasesnecessaryto createa sub-
divisionschemefor thesesplinesareratherinvolvedanddeserve acompleteexpo-
sition.Usingthesebases,equation(19) is employedto derivesubdivisionschemes
for severalimportantcasesincluding½ regularsubdivisionof bounded,rectangulargrids[WW98],
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½ regularsubdivisionof irregular, triangulargrids.

5.5 Knot InsertionSchemesfor Irregular Data

Subdivision schemesinsert many differentknots simultaneously. Knot insertion
schemesinsertasingleknotatatime.Remarkably, equation(19)canbeusedto de-
riveknot insertionalgorithmsfor variationalproblems.In asecondpaper[War97],
we show that Boehm’s algorithmfor knot insertioninto B-Splinescanbe derive
directly from equation(19).Thekey to this constructionis thatdivideddifferences
can be capturedas the solution to a very simple problemin linear algebra.The
paperconcludesby developingaknot insertionalgorithmfor harmonicsplines.
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